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Chapter 1

Module 1: Propositional /Predicate
Calculus Review

We start with the logical connectives and truth tables which interpret the connectives. These are really
to come back to.

1.1 Logical Connectives

(A V=, )
Remark. In truth tables, I will use 0 for False, and 1 for True.

— “NOT”

P P
0 1

/\ “ AND ”

—~ ool
— ool
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= “IF.., THEN..”

(P=Q)

— R ool

Q
0
1
0
1

—_ O~ U,

Note. We will use — and = which ARE DIFFERENT. = is “implies” while — is just an arrow.

Remark. Here, note that false for P says nothing about ). For example, the statement “if you eat
the cheeseburger, you will be full” says nothing about the scenario where you don’t eat the
cheeseburger. In the cases where we can say nothing, the if statement “defaults” to true.

2N “IFFW

(P &Q)

ool

Q
0
1
0
1

= o O @

Remark. Note that every true/false pair is present. That is, we have every combination of P and Q
being true/false. We have precisely 2" cases where n is the number of elements in the {P,Q...} set.

1.2 Tautologies & Contradictions

Definition 1.1. A formula is said to be a tautology when its column in a truth table only consists of
“trues”.

Example 1.2. PV (P = Q)

P Q (P=Q (PV(P=Q)
0 0 1 1
0 1 1 1
1 0 0 1
11 1 1

Tautology

Definition 1.3. A formula is said to be a contradiction when its column in a truth table only consists
of “falses”.

P Q -P (P=Q) ~(P=Q) (-PA-(P=Q))

0 0 1 1 0 0
Example 1.4. 0 1 1 1 0 0

1 0 0 0 1 0

1 1 0 1 0 0




Proofs in Metric Spaces and Analysis Module 1

Contradiction
Comment: Most formulas are neither tautologies nor contradictions.
1.2.1 Equivalent Formulas

Definition 1.5. We say that formulas ¢ and 1 are equivalent when (¢ < 1)) is a tautology. This is
the case exactly when the columns in the truth tables for ¢ and 1 match*.

*With the caveat that the tables contain the same propositional symbols.

P -P --P (P& ——P)
Example 1.6. 0 1 0 1
1 0 1 1

P and ——P are equivalent.

P Q -P -Q (-PA-Q) (PVQ) ~(PVQ) ((PA-Q)e ~(PVQ))
0 O 1 1 1 0 1 1
Example 1.7. 0 1 1 0 0 1 0 1
1 0 0 1 0 1 0 1
1 1 0 0 0 1 0 1

(=P A=Q) and =(P V Q) are equivalent.

P Q -P -Q (QN-Q) (-P=(QA-Q))

0 0 1 1 0 0
Example 1.8. 0 1 1 0 0 0
1 0 0 1 0 1
1 1 0 0 0 1

P and (=P = (Q AN =Q)) are equivalent.

1.2.2 Predicates v. Propositions

Definition 1.9. A proposition is a statement/sentence that is either true or false and has no (free)
variables.

Examples:

o 7 is an irrational number. (True)

e 13 is the sum of two perfect squares. (True: 22 + 32)

e 7587 is a prime number. (False: 3 - 281)

o 14 is the best number. — Ambiguous/not well defined/not true/false (not a proposition)

e 22 > 15 — Free variable z, truth value depends on z, not a proposition.

e 22 >0 — Free variable x, not a proposition.

« For every real number x, 22 > 0. (True: Here z is not a free variable, this is a proposition).
 There is a natural number z such that 22 = 17. (False)

Comments: In formulas, we use capital letters to represent propositions, and we can “build” more
complex propositions by combining them using the logical connectives.

Using some algebra, show that (P = @) where
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° P: “1:0”
° Q: “1:177

Answer. Start with having 1 = 0.
Then 0 = 1.

Then 1+0=0+1.

Then 1 =1.

Now, as it goes, we make a truth table.

P @ (P=(Q) reason

0 O 1 + automatically true by “default”
0 1 1 < automatically true by “default”
1 0 0 < False, because we know @ is true
1 1 1 < by our algebra

Notice that in the third line, we used that @ is true. This might seem ambiguous right now, and
that’s because it kind of is. In the future, we’ll use an equivalent statement known as the contrapositive
which will verify the third line in a cleaner manner.

Also Notice we can show any two integers are equal ¢f 0 = 1.

HOWEVER, we can make everything fall apart and very quickly. Assume we know there are two
numbers that aren’t equivalent.

Assume that you know that 17 # 3
R: «“17=3”
-R:17+# 3

It turns out there are many ways to come to a contradiction, but one way is to show (P AQ A R) is a
contradiction.

Note. This choice of statement is often a problem in itself. There are equivalent statements to prove
the same thing.

Answer. We start by breaking the statement apart. We know that in an and (A) statement, we need
all the propositions true. Thus, we only have to check the case where we have P and @ and not R.
Using our previous result, the one where you can make any two integers equal, we have that 17 = 3.
As well, we have 17 is not equal to 3. A shame, truly. Also, a contradiction.

Definition 1.10. A predicate is a statement with zero or more (free) variables that becomes a
proposition when each (free) variable is assigned a value.

“m is an integer.” (Predicate with zero free variables/Proposition) (Also false)

Examples:
“r2 = 47 (Predicate with one variable: If z = 2, true. If x = 17, false.)
“r+y="T" (Predicate with two variables: If x = 1,y = 6, true. If x = 2,y = 19, false.)

Comments: We often use a “function-like” notation for predicates, using capital letters followed by
the free variables in parentheses to represent predicates: e.g. P, R(z), Q(x,y),...

1.2.3 Common Sets

() = {} The Empty Set
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N={1,2,3,4,5,...} The Natural Numbers
w=1{0,1,2,3,4,5,...} The Whole Numbers
Z={..,-4,-3,-2,-1,0,1,2,3,4,...} The Integers

Q= {2 | p and q are integers and ¢ # 0} The Rational Numbers
P The Irrational Numbers

R The Real Numbers

C The Complex Numbers

Comment: Only the value of a number determines what set(s) it is in, not how it is written. For
example, the positive of /16 is equal to 4, so it is in N,w, Z,Q, R and C.

Example:

Z[i] “Gaussian integers” = {a + bi | a, b are integers}
o 4+ 5iis in Z][i]

o 6+ i is not in Z[f]

e 3 — 3iis not in Z[i]

e —2+ 3i is a Gaussian integer.

1.2.4 Intervals

Intervals: Intervals are special types of sets of real numbers.
We will use the following as our definitions:
e (a,b)={reRja<z<b}
[a,b) ={z €R|a<z<b}
e (a,b)={reR|a<z<b}
[a,b] ={z € R|a<z<b}

Q

b)={xeR|z<b}
b ={zeR|z<b}
a,0)={r eR|a<a}
a,00) ={z €eR|a <z}
o (—00,00) =R

Ex: (1,5] has infinitely many elements, including 2,3,4,5, but also 1.036, T, V2,2.7,4.5,. ..

©.¢)
o0

(=
- (=
(
[

Also order matters:

B,1)={zeR|3<z<1}=0

Vs

(1,3] ={z € R| 1 <z <3} (Which is not the emptyset)
On the number line, (1, 3] is:
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Figure 1.1: On the number line, (1, 3] is:

More examples:
2,2 ={reR|2<x<2}={2}
(2,2l ={recR|2<zx<2}=10

1.3 Set Operations

Union: AUB={x|xz€ AVzx € B}
Intersection: ANB={z |z € ANz € B}
Difference: A\ B={z|x€ ANz ¢ B}

Figure 1.2: Union AU B

Figure 1.3: Intersection AN B
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Figure 1.4: Difference A\ B

Comment: While the union symbol “U” looks like the letter, it is not the same (U is not the union
symbol).

1.3.1 Truth sets of Predicates

Let P(z) be a predicate and let A be a set. The truth set of P(z) in A is:

Definition 1.11. TSy (P(x)) = {x € A| P(x) is true}
This is the set of every value in the set A that makes P(x) true.

Example: Consider P(x) to be “—2 <z <5”

TSx(P(z)) = {1,2.3,4,5)
TSw(P(x)) = {0,1,2,3,4,5}
TSZ(P(.%')) { 1,0,1,2,3,4 5}
TSr(P(x)) = (-2, 5]
TSy(P(z)) =0
T'Sprimes(P (7)) = {2,3,5}
T'Sy243042-0(P(z)) = {-1}

Notice that to be in T'S4(P(z)), a value both needs to be in the set A and needs to make P(z) true.

Although we have different intervals that would yield the same evaluations, they are not the same.
For example, when evaluating T'Sw(P(z)) for (—2,5] and [—1,5], we get the same set, however,

(_27 5] 7& [_17 5]

An obvious observation.
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1.4 Quantifiers

A different manner in which we can convert a predicate into a proposition is by “bounding/quantifying”

the free variables.

1.4.1 The Universal Quantifier

The Universal Quantifier (V)

Definition 1.12. Let P(z) be a predicate and let A be a set.

(Vz € A)(P(x)) is read “For every (all) x in A, P(z).” and is true exactly when: T'S4(P(x)) = A.
Example 1.13. (Vz € N)(z > 1) is true because: T'Sy(x > 1) =N

(Vz € w)(z > 1) is false because T'S,(xr > 1) ={1,2,3,...} # w

Recall: The whole numbers have 0.

1.4.2 The Existential Quantifier

The Existential Quantifier (3)

Definition 1.14. Let P(z) be a predicate and let A be a set.

(3x € A)(P(x)) is read “There exists/is an x in A such that P(x).

and is true exactly when: T'Sq(P(z)) # 0

Example 1.15. Example: (3z € N)(z < 1) is false because T'Sy(z < 1) = 0)
(Fz € w)(xz < 1) is true because T'S,(z < 1) = {0} # 0

TSn(z>1)=1{1,2,3,...} =N
TSy(x>1)={1,2,3,...} #w
TSn(x <1)=10
TSy(zr<1)={0}#0

1.4.3 The Unique Existential Quantifier

The Unique Existential Quantifier “3!”

Definition 1.16. Let P(z) be a predicate and let A be a set.

(Flz € A)(P(x)) is read “There exists (is) a unique z in A such that P(x)”

and is true exactly when |T'S4(P(z))| = 1, i.e., when T'S4(P(x)) has exactly one element.
Example 1.17. (Jlz € N)(z < 1) is false because |T'Sy(z < 1)| = [0| =0 # 1

(Flz € w)(x < 1) is true because |T'S,(z < 1) = |{0}| =1

(Flz € Z)(x < 1) is false because |[T'Sz(z < 1)|=[{...,—2,-1,0}| #1

(Fz € N)(z < 4) is false because |TSy(x < 4)] = |{1,2,3}| =3 # 1

8
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Comment: There are other quantifiers that can be used in addition to V, 4, and 3!
3! can be written using only 3 and V:

(Flz € A)(P(x)) is equivalent to:

((Fz € A)(P(2)) A (Vo € A)(Vy € A)((P(z) A P(y)) = = =y))

An Interesting Case

For any predicate P(x), notice that: T'Sy(P(z)) = (.

This means that we have: (Vz € 0)(P(x)) is true (no matter P(z))
and that we have: (3z € 0)(P(x)) is false (no matter P(z))
For example:

(Vz € 0)(z # x) is true

(Fz € 0)(x = x) is false

In any other universe/set A:

(Vz € A)(z # x) is false

(Fz € A)(z = z) is true

Terminology: We say that (Vz € 0)(P(x)) is vacuously true
(Vz € 0)(P(x)) is True

(z € 0)(P(x)) is False

(Ve € Z)(x # x)?7?

TSy (x # x) = 0 # Zso False

(Fz € Z)(z = x)True

TSz(x=2)=Z#10

Notation Comments:

In cases where the universe of discourse U is “understood” we may use the following notation:
(Vz € U)(P(z)) may be written: (Va)(P(z)) (Suppressing the U)
(3z € U)(P(z)) may be written: (3x)(P(z))

As a general rule, avoid this shorthand especially when using multiple quantifiers bounding over different
sets and when the universe isn’t clear.

Equivalencies: Let A C B. Then, the following equivalencies hold:
(Vz € A)(P(x)) is equiv. to: (Va € B)(x € A= P(x))

(3x € A)(P(x)) is equiv. to: (Iz € B)(z € AN P(x))

As A C A for any set:

(Vx € A)(P(x)) is equiv. to: (Vz € A)(x € A= P(x))

(Jz € A)(P(x)) is equiv. to: (Jx € A)(z € AN P(x))

If we have an understood universe U, and A C U:
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(Vz € A)(P(x)) is equiv. to: (Vx)(z € A= P(z))
(Jx € A)(P(x)) is equiv. to: (Fz)(z € AN P(x))

1.5 Multiple Quantifiers

Many statements will have multiple quantifiers. When this is the case, it is important to be very careful
with the order.

To examine this idea:

P(z,y) is a predicate with two free variables x & y

(Jy € B)(P(z,y)) is a predicate with one free variable (x)

(Vx € A)(Jy € B)(P(z,y)) is a proposition/predicate with no free variables.
Try to follow the following logic:

Please note that & is just another variable name like x or y or whatever.

(Vz € A)(3y € B)(P(z,y)) is true exactly when:

TS4((3y € B)(P(x,y))) = A

That is, when:

{reA|(ByeB)(P(xy)}=A4

so that for every & € A, we have that (Jy € B)(P(Z,y)) is true,
and that for every & € A, we have that:
TSp (P(,y)) # 0.

This means if we choose some & € A, we will be able to find a value of y € B that makes P(Z,y) true.
(And the choice of € A doesn’t matter)

TS4(3y € B)(P(x,y)) — The set of all z € A for which (Jy € B)(P(x,y)) is true.

Notice that we just said the same statement like 5 times. Also, if you didn’t follow, it might be good
to take a break at this point. Come back, and try again.

An Observation: Order Matters
(VzeR) (yeR) (z+y=0) = True
r=4—y=-4

r=172—y=-172

(FyeR) (Vz eR) (x +y=0) = False
To show

(Jy e R) (Vz € R) (x +y =0) = False

e Consider y =7
(Vzx eR) (z+7=0)
This is false.

10
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e Consider y =0
(Vx eR) (x+0=0)
This is false.

Indeed, for any y, = 4+ y does not HAVE TO equal 0.

Reading the statement in English. “There exists a number (y) such that any (V) other number (x)
satisfies z +y = 07.

Notice we just flipped the statement order. That is, order matters. (Vx € R) (Jy € R) (z +y =
0) = True

(FyeR) (Vz eR) (x+y=0) = False
More examples

(3z € R)(Vy € R)(z < 9?)

Consider z =1

(Vy € R)(1 < y?) — False

Consider z = —1
(Vy € R)(—1 < y?) — True.
This tells us that z = —1 is in TSr((Vy € R)(x < 3?))

Thus, the truth set TS # 0
(Vz e R)(Jy € R)(z +y = 0) — True.
Next: (3x € A)(Vy € B)(P(z,y)) is true exactly when:

TSa((Vy € B)(P(z,y))) # 0

That is, when there is at least one value of x € A such that

(Vy € B)(P(x,y)) is true.

Let & € A be one of such values, i.e., so that (Vy € B)(P(&,y)) is true. This means that:

TSp(P(i,y)) = B

That is:

lyeB|P(d,y)} =28

This means that for & € A, we have that P(z,y) is true for every y € B.

We will again consider:

(VzeR) (yeR) (z+y=0)
and
(FyeR) (VzeR) (z+y=0)

o (Vx € R)(3y € R)(z +y = 0) will be true if for every/any Z € R we can find a value y € R such
that z +y = 0.

11
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— This is the case: For any & € R, we can let y = —2. Note that as £ € R, —2 is also real so y € R.
Also: a+y=2+(—2)=2—-2=0.
x eg. If 2 =3, welet y=-3. If £ = —10.5, we let y = 10.5.

o (Jy € R)(Vz € R)(x+y = 0) will be true if we can find some y € R such that every z € R will make

z+9y=0.

— This is not the case! No matter what § € R we choose, there is only one value of x that will give
x4+ 9 =0 (so we will not have = + ¢ = 0 for every real number x).
* e.g. If we tried letting § = 3, it will not be the case that (Vz € R)(z + 3 = 0) will be true.

1.5.1 Checking an equivalence with a truth table

The equivalence A is equiv. to (A = (BA—DB)) (listed below, and used later for proofs by contradiction)
can be verified directly: the columns for A and for (-A = (B A =B)) match.

A B -A -B (BA-B) (A= (BA-B))
0 0 1 1 0 0
0o 1 1 0 0 0
1 0 0 1 0 1
1 1 0 0 0 1
Example:
A (FzeR)(VWeR)(z+y=y) vs B. WWeR)(FzeR)(z+y=1y)
A.

o (Ix eR)(Vy € R)(xz+y =y) is true:
— Notice that: TSr(0+y=y) =R
x so that: (Vy € R)(0+y = y) is true.
This means that when x = 0, (Vy € R)(z +y = y) is true. = 0 is in the truth set or satisfies
(Vy e R)(z +y = y).

This tells us that TSg((Vy € R)(x +y =y)) # 0, so that:
(Hz e R)(Vy € R)(z + y = y) is true.
B.

e Vy eR)(Fx € R)(z+y =y) is also true:
— No matter what value of § € R that we choose, notice that 0 + g = ¢,
* so that 0 is in T'Sg(z + § = ), so that TSg(z + g = ) # 0.

This gives us that (3z € R)(z 4+ § = 7) is true.

As the choice of § € R didn’t matter, and g is in the truth set of (Iz € R)(x +y = vy),

we have that TSr((3x € R)(x +y =y)) = R, and:

(Vy € R)(Fzr € R)(z +y = y) is true.

Less formally, from left to right, for any y (Vy € R), choose x = 0 (3= € R) and the equation is true.

1.5.2 A Few Important Equivalencies
e (A= B) isequiv. to: (B = —A) (the contraposition)

12
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— and also: (—mAV B)
o =(AV B) is equiv. to: (mAA-B) (De Morgan’s Laws)
e (A A B) is equiv. to: (mAV -B) (De Morgan’s Laws)
o AN(BVC()isequiv. to: (AAB)V (AAC)) (Distribution)
o AV (BACQ)isequiv. to: (AV B)A(AV(C)) (Distribution)
e (A= B) is equiv. to: (AA-B)
e (mA= (BA-B))isequiv. to: A
e« A= (BVC)isequiv. to: (AN-B)=C
e (AV B)= Cisequiv. to: (A= C)AN(B=2C)
e« A= (BAC)isequiv. to: (A= B)AN(A=C)
e A= (B=C)isequiv. to: (AANB)=C
o ~(Vx € A)(P(x)) is equiv. to: (3z € A)(—P(x))
o =(3z € A)(P(x)) is equiv. to: (Vx € A)(=P(x))
o ——A is equiv. to: A (Double negation)

1.5.3 A computation of a negation

—(Ve € A)(P(z) = Q(x))
Bz € 4) (= (P(z) = Q(x)))
(B € A) (P(z) A =Q(x))

Notice we use the equivalency of: —(A = B) and (A A —B).

Breakdown

—(Vz € A)(P(x)) is true exactly when (Vo € A)(P(z)) is false.

is true exactly when T'Sa(P(x)) # A

is true exactly when there is some value & € A s/t P(z) is not true.
is true exactly when there is some value & € A s/t P(z) is false

is true exactly when there is some & € A s/t =P (z) is true.

is true exactly when there is some & € A is T'S4(—P(x)).

is true exactly when T'Sa(—(P(x))) # 0

is true exactly when (3x € A)(—P(x)) is true.

As well, =(3z € A)(P(z)) and (Vx € A)(—P(x)) are equivalent.

1.5.4 Simplifying Denials/Negations

Goal: We want the only instances of the negation symbol “=” immediately preceding the predi-
cate/propositional symbols.

Example:

~(Ve € A)(Vy € B)(3z € O)((P(x) V Q(y)) = (R(z,y,2)))

Bz € A)(=(vy € B)(3z € O)((P(z) V Q(y)) = (R(x,y,2))))

13
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(Bz € A)3y € B)(=(3z € O)(P(z) v Q(y)) = (R(x,y,2))))

Bz € A)By € B)(vz € O)(=((P(z) v Q(y)) = (R(z,y,2))))

(3z € A)(3y € B)(vVz € C)((P(z) V Q(y)) N ~R(z,y, 2))

Example:

—(Ja € A)(Vb € B)(3c € C)(=P(a) V (R(b) = S(c)))

(Va € A)(3b € B)(Ye € C)(~(~P(a) V (R(b) = S(c))))

(Va € A)(Fb € B)(Ve € C)(=—P(a) A =(R(b) = S(c)))

(Ya € A)(3b € B)(Ve € C)(P(a) A (R(b) A =S(c)))

Example: We will find/simplify a denial/negation of

(3lz € A)(P(z))

—(3lz € A)(P(x)) is equivalent to:
—((Fz € A)(P(x)) A (Vy € A)(Vz € A)((P(y) A P(2)) = y = 2))
—(3z € A)(P(z)) v =(Vy € A)(Vz € A)(P(y) A P(2)) = y = 2)
(Vo € A)(=P(z)) vV (Jy € A)(Fz € A)=((P(y) A P(2)) = y = 2)
(Vo € A)(=P(x)) vV (3y € A)3Fz € A)(P(y) A P(2)) A=y = 2))
(Ve € A)(=P(z)) vV (Jy € A)(Fz € A)(P(y) A P(2) Ay # 2)

* In the first step we used the equivalent form of 3! given in the section on the unique existential

quantifier.

In english, the statement is: “Either every x € A makes P(z) false or there are two values (or more)

that make P true that are different.”
Remark. Associativity & Commutativity:

(ANB)AC is equiv. to AN (BAC)and ANBAC
(Av B)VCisequiv. to AV (BVC)and AV BV C (Associativity)
AN B is equiv. to BA A

AV B is equiv. to BV A (Commutativity)

14
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1.6 Short Exercises

Verify that an implication (A = B) and the converse (B = A) are not equivalent.

(A

—_—_0 o

B
0
1
0
1

—=or—| |

In the example earlier in this module involving 17 # 3, you have to show that when you have 0 =1,
1 =1, you can’t have 17 = 3. Give another statement that if proved, would show such a thing.

Show that (Vx € R)(3ly € R)(z + y = 0) — True (this statement appears among the examples in the
section on Multiple Quantifiers).

Show the equivalency of =(A = B) and (A A —B) (this equivalence is used in the computation of a
negation above).

15



Chapter 2

Module 2: Equivalent Statements &
Proofs

A (mathematical) theorem is a statement/sentence that describes a relationship/pattern between
mathematical objects & structures.

A theorem will be a proposition (i.e., a statement that is either true or is false), and can then be
written in a “Logical Form” (LF) using predicate calculus.

(* Generally a “theorem” is known to be true and has a “proof” as justification)
Examples:

“\/2 is irrational”

L.F.: P (P is “y/2 is irrational”)

“There are real numbers x and y such that x +y = 10.”
LF.: (3z e R)(Fy € R)(P(z,y)) (P(x,y) is “c +y = 10")
“There are (two) whole numbers whose product is 15.”
L.F.: (3a € W)(3b € W)(P(a,b)) (P(a,b) is “ab=15")
“Let a be a real number. Either a® >0 or a =0

L.F.: (Va € R)(P(a) VvV Q(a))

P(a) is “a® > 0"

Q(a) is “a =07

“Every natural number greater than or equal to 11 can be written in the form 2s + 5¢ for some natural
numbers s and ¢.”

LF.. (VvneN)(P(n) = (s € N)(3t € N)(Q(n,s,t)))
P(n) is “n > 117

Q(n,s,t) is “2s + 5t =n”

2.1 Proofs

A proof is a logical justification/verification of the truth of a theorem.
Our proofs will be written in full (English) sentences with proper grammar and punctuation.

o This means in paragraph form and not as a bulleted list. (Some “mathese”/math notation will

16
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(usually) appear.)
Our proofs will be stand-alone:

e The reader should be able to begin reading at the start of the proof, not needing to know any prior
information, and understand what is being proved.

Every proof must begin with: “Proof:”

Every proof must end with one of the following in the bottom right:
BN QED

“Quod Erat Demonstrandum”

General Structure/Outline:

Proof:

(Set-up/un-weaving quantifiers)

(Get to a point where you are needing to show/prove a “quantifier-free” statement)
(Logical Reasoning/Definitions to show statement)

(Re-weave quantifiers)

(Conclude with original/full statement of theorem.)

B0 A QFED at the end.

Example: We will prove (Vo € Z)(Jy € Z)(z +y = 0).

Proof. Let x be an arbitrary integer. Let y = —z. As —x = (—1)(z) and —1 and z are integers, and the
integers are closed under multiplication, —x is an integer, so y is an integer. Now: x +y =z + (—z) =
x—x =0. Hence x +y = 0. As y is an integer, there exists an integer y such that x +y = 0. As x was
arbitrary, for all integers x, there exists an integer y such that x +y = 0. 0

In a proof, the following are always allowed:

o State an axiom/postulate (i.e., statements that are given to be true without needing additional
justification)
— For example: “Closure” Properties of N W, Z,Q and R
“Lower Bound” Properties of N and W
« State tautologies
— For example (if U = Z): “Either x is odd or z is not odd” (P V —P)
e State any assumptions that you are making
— “Assume that...”
— “Suppose that...”
Note: Make sure you don’t assume what you want to show.
 State something you wrote earlier in the proof (possibly in a different but equivalent way).
o Use algebraic manipulation to re-write equations/inequalities/expressions/etc... in equivalent ways.
e State a “previously proven result.”
e Use a definition to re-write a statement in an equivalent way.
— (A definition is a statement/predicate that gives a precise/unambiguous meaning to a con-
cept/term.)
e Use “Modus Ponens” to make deductions.

17
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— If you have both A and (A = B), then you may conclude/state you have B.
When writing a proof of a theorem:

o Determine/write the logical form (in predicate calculus) of the theorem.
o This form should have no free-variables. If a quantifier is “hidden”/“isn’t clearly stated”, it is most
likely the universal quantifier “V”.

“Identifying Phrases”:

o “Y": Every, All, Each, Let x be, ...
e “3J”: There is, There exists, For some, ...

Key Idea: “The structure of a proof of a theorem will follow the structure of the logical form or of an
equivalent logical form of the theorem.”

To Show/Prove (Vx € U)(P(x)):

e “Let x in U be arbitrary.” or “Fix an arbitrary x in U.”
o Show/Prove P(x).

To Show/Prove (3x € U)(P(x)):

o Use scratch work to find a value of x in U/ that makes P(z) true.

o “Let & =" (the value you found in scratch work) or “Define = to be the value you found in scratch
work.”

o Show/State that x is in U.

o Show/Prove P(z).

To Show/Prove (A = B):

e “Assume A” OR “Suppose A
e Show B.

Note: If we are assuming/supposing a statement, we take it as true and do not need to show/prove it.

o If we assume (Va € U)(P(x)), then any x in U will make P(z) true.
o If we assume (Jx € U)(P(x)), then we can let & be some element of U that makes P(z) true (we
say & is a “witness”).

Example Outline:
VzeR)(Vy eR)(z<y= (FweR)(x <w<y))

Proof: Let x and y be arbitrary real numbers. Suppose x < y.
Let w = ... (found in scratch work). Notice that ... so that w is a real number.
Now, ...

“Weaving” back to the full theorem.

Hence, x < w < y. Therefore, as w is a real number, there exists a real number w such that z < w < y.
Hence, if < y, then there exists a real number w such that x < w < y. As x and y were arbitrary, for
all real numbers x and y, if x < y, there exists a real number w such that z < w < y. O

18
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Example Outline:
(Fr € w)(Vy € w)(z <)

Proof: Let x = ... (Found in scratch work). Note that ..., so we have that = is a whole number. Let
y be an arbitrary whole number.

Now ...:
Hence, z < y. As y was arbitrary, for all whole numbers y, xz < y.

As x was a whole number, there exists a whole number x such that for all whole numbers y, x < y. O

Ezample Outline: (Vz € Q)(Jy € Q)(z +y = 0)

Proof: Let x be an arbitrary rational number. Let y = ... (Found in scratch work and may “depend”
on z). Note that ..., so we have that y is rational.
Now, ...:

Hence, x +y = 0. As y is a rational number, there exists a rational number y such that z +y = 0. As
x was arbitrary, for all rational numbers x, there exists a rational number y such that x +y =0. O

2.1.1 “Divides” Definition & Notation

(for integers / 7Z)
Divisibility is a classical problem in number theory and in general.

Let a and b be integers.

Definition 2.1. We say “a divides b” and we write a|b exactly when there is an integer k such that
b = ak.

Logical Form: al|b iff (3k € Z)(b = ak)
We say b is even iff 2|b iff (3k € Z)(b = 2k)

We say “a does not divide b” and write a 1 b exactly when there is an integer k& and a natural number r
such that r < a and such that b = ak + r. (r is called the remainder.)

Logical form: atbiff (3k € Z)(3r e N)(r <aAb=ak+r)
Comment: We can “break” this up by either:

FkeZ)(b=ak+1Vb=ak+2V---Vb=ak+ (a—1))

FkeZ)(b=ak+1)V(EBkeZ)(b=ak+2)V---V 3Bk €Z)(b=ak+ (a—1))
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We say b is odd iff b is not even iff 21 b iff (& € Z)(b =2k + 1)

Example: We will prove the theorem “If 3|z, then 3|22”.

o As we have a “hidden” quantifier, we will use the universal for x (we cannot have a free variable in
our logical form).

o The “divides” notation indicates x will be an integer. (Note: This notation could be used for subsets
of Z, such as N and W, but without specification, it is assumed to be on integers.)

Logical Form: (Vx € Z)(3|z = 3|2?)

Our Outline: Proof: Let z be an arbitrary integer. Assume that 3|z.

Now, ... (We need to fill this part in.)

Hence, 3|z2. Thus, if 3|z, then 3|22. As 2 was arbitrary, for all integers x, if 3|x, then 3|z2. O

Strategy: We have that 3|z and need to get to 3|z%. By using the definition of divides we can rewrite
these in different but equivalent ways:

3|z iff there is some integer k such that = = 3k

3|22 iff there is some integer j such that 22 = 3;

This means we need to get from = = 3k to 22 = 3j. Also, as we have assumed 3|z, we know that there
is an integer k such that x = 3k.
For 3|22, we need to find an integer j such that 2 = 3.

Some examples of the “divides” / “does not divide” definitions:

312 —12=3k k=4

3413 s 13=3k+r, k=4 r=1

3417 — 17 = 3(5) + 2

3115 — 15 = 3(4) + 3 is not of the form 3k + r with r < 3; instead 15 = 3(5).

Now, as we have z = 3k (for some integer k), we will use this to “examine” x2:

2% = (3k)%* = 9k? = 3(3k?)

1 This is the “j” we need.

If we set j = 3k%, then we have x? = 35. However: We need j to be an integer.

Closure Properties: 7 is closed under addition, subtraction, and multiplication. This means that if a
and b are integers, a + b, a — b, and ab are all also integers. (Z is not closed under division).

As 3 is an integer and as k is an integer, 3k? is also an integer as the integers are closed under
multiplication. (Hence, we do have that j is an integer.)

We can now put the whole proof together:
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Proof. Let x be an arbitrary integer. Assume that 3|z. Now, there exists an integer k such that z = 3k.
Now: x? = (3k)? = 9k% = 3(3k?).

As 3 and k are integers and as the integers are closed under multiplication, 3k? is an integer. Let
j = 3k2. Notice that 22 = 3j and that j is an integer by our previous comments. Hence, 3|z2. Thus, if
3|z, then 3|z2. As x was arbitrary, for all integers z, if 3|z, then 3|z2. O

In many cases, the “logical reasoning” portion of a proof (the part that needs to be filled in after
forming the outline) could be very difficult. In these cases it may be helpful to find an equivalent
statement to prove instead of the original. (As equivalent statements are true exactly at the same time,
if you have shown one, you have also shown the other.)

2.2 Contraposition

Recall that (A = B) is equivalent to (—-B = —A).

To prove A = B by contraposition:

Assume/suppose =B (i.e., that B is false)
Show /prove = A (i.e., that A is false)

e Conclude “If =B, then ~A”

State that by contraposition, if A, then B.

Ezample: We will prove “If 22 is even, then x is even.”

Logical Form: (Yx € Z)(2|2? = 2|x)
2

Initial Outline Attempt: Proof: Let x be an arbitrary integer. Suppose z* is even.

Now,...

Hence z is even. Thus, if 22 is even, then z is even.

As x was arbitrary, for all integers z, if 22 is even, then x is even. O
For this attempt, we have that 2% = 2k for some integer k (such a value does exist as we assume 2 is

even). We need to show that there is an integer j such that x = 2j (we’ll need to find this value).

If we had 2 = 27, then we could use substitution to write 22 = (25)2, but here we have 2> = 2k and we
need to somehow get x from this.
2
2k k
x x x
k

~ need not be in Z as Z is not closed under division, and we don’t know that = # 0.

r=+Vr2 = +V2 :j:Q\/E

\/g may not be in Z (Z is not closed under division nor under square roots).
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Essentially, we can’t guarantee the set inclusion and proving that the square root is in the integers is
too much trouble.

Instead, we can use contraposition:
(Vx € Z)(212?> = 21 ) is equivalent to: (Vo € Z)(2 |2 = 2| z?).

Outline:

Proof: Let x be an arbitrary integer. Suppose x is not even. Now,... Hence, x* is not even. Thus, if x
is not even, then 2 is not even. By contraposition, if 22 is even, then x is even. As = was arbitrary,
for all integers z, if 22 is even, then x is even. O

2

With this outline, our assumption is now that z is not even (is odd), so we know that there is an
integer k such that x = 2k + 1.

We need to show that z? is not even, i.e., that 22 is odd, i.e., that there is some integer j such that
2?2 = 2j + 1. (Goal: Find this integer j.)

Asz =2k +1:

22 = (2k 4+ 1)? = 4k* + 4k + 1 = 2(2k* + 2k) + 1

(2k? + 2k) will be the j that we need.

If j = 2k® + 2k, we have that 22 = 2j + 1. We still need to confirm/show that j is an integer. As both
2 and k are integers, and as the integers are closed under multiplication and addition, 2k? 4 2k is an
integer, so that j is an integer.

Putting this together:

Proof. Let x be an arbitrary integer. Suppose x is not even. Then x is odd so that there is some
integer k such that x = 2k + 1. Now:

22 = 2k +1)% = 4k* + 4k + 1 = 2(2k* 4 2k) + 1.

As 2 and k are integers and as the integers are closed under multiplication and addition, 2k? + 2k
is an integer. Let j = 2k? + 2k. Notice that 22 = 2j + 1 and that j is an integer by our previous
comments. Hence, 22 is odd, and is therefore not even. Thus, if = is not even, then 2 is not even. By
contraposition, if 22 is even, then z is even. As x was arbitrary, for all integers z, if 2 is even, then x
is even. O

To Show/Prove (A A B):

o Show/Prove A
o Show/Prove B
e Conclude (A A B)

To Show/Prove (A <= B): We generally use the equivalence:
e (A < B) is equivalent to: (A = B) A (B = A))
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By this equivalence:

o Show (A = B):
— Assume A, then show/prove B.
— Use contrapositive: (-B = —A4).
o Show (B = A):
— Assume B, then show/prove A.
— Use contrapositive: (wA = —B).
¢ “We have shown both directions of the biconditional, hence A iff B.”

To show or prove that A <= B, we typically show both implications.

Note: There is another method, a “biconditional proof”, that is a string of equivalent statements: A
iff Ay iff Ag iff Ag iff ... iff B. This method is not generally recommended initially as it is much easier
to have an error.

Outline: Proof: (Set-up)

e (=) Suppose A. Now... Hence, B. Therefore, if A, then B.
e («<=) Suppose B. Now... Hence, A. Therefore, if B, then A.

We have proven both directions of the biconditional, hence A iff B. O
Example: We will prove “2|n <= 2|n?".

Logical Form: (Yn € Z)(2ln <= 2|n?)

This is equivalent to: (Vn € Z)((2ln = 2|n?) A (2|n? = 2|n))

In our previous example, we used contraposition to show (2|n? = 2|n), so we will do the same here,
and we will use the following equivalent form.

(Vn € Z)((2ln = 2In*) A (2tn = 21n?))

Proof. Let n be an arbitrary integer.
(=) Suppose 2|n. Then n = 2k for some integer k. Now: n? = (2k)? = 4k? = 2(2k?).

As 2 and k are integers, and as the integers are closed under multiplication, 2k is an integer. Let
j = 2k2. Notice that n? = 2j and that j is an integer by our previous comments. Hence 2|n?. Thus, if
2|n, then 2|n?.

(<=) Now, suppose 2 {n. Then, there is some integer k such that n = 2k + 1. Now: n? = (2k +1)? =
4k + 4k + 1 = 2(2k? + 2k) + 1.

As 2 and k are integers and as the integers are closed under multiplication and addition, 2k? + 2k is an
integer. Let j = 2k% + 2k. Notice that n? = 2j + 1 and that j is an integer by our previous comments.
Hence, 2 { n?. Thus, if 2 { n, then 2 { n?. By contraposition, if 2|n?, then 2|n.

We have shown both directions of the biconditional, hence 2|n iff 2|n?. As n was arbitrary, for all
integers n, 2|n iff 2|n2. O
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2.3 Contradiction

Now, recall the equivalence:
A is equivalent to (mA = (B A —B))

In many cases, if we are trying to prove/show a theorem A, it may be easier to prove the above
equivalent statement.

This is called a proof by contradiction (Notice that (B A —B) is a contradiction).
To Prove A by Contradiction:

e Assume —A, i.e., assume A is false.

o Show/prove B

o Show/prove =B (i.e., that B is false)

o “This is a contradiction, hence A (is true).”

Comments: This method is often used if the logical form is just “A” (without any logical connectives).
o If A is more “complex” this method still can be used.

Suppose A is of the form (X = Y):

A is equiv. to: (mA = (B A—-B))
is equiv. to: (7(X =Y)= (BA-B))
is equiv. to: ((X AY) = (BA-B))
Here, to assume —A, we assume X is true and Y is false.

o It may take some work/playing around to determine the “B” that will give you the contradiction.

Example: We will prove the theorem: “y/2 is irrational”
The logical form of this theorem is just: P.

We will prove the equivalent: (P = (B A ~B)).
Initial Proof Outline:

Proof: Suppose v/2 is not irrational. Then ...
Hence, B (which we still need to determine)

Thus, -B.
This is a contradiction. Therefore, v/2 is irrational. ]
For this example, we will use the following:

e Every rational number can be written in the form g where p and ¢ are integers (with ¢ # 0) and p

and ¢ have no common factors greater than 1 (i.e., g is in lowest terms).

e “Our previous result”™ (Vn € Z)(2 | n? < 2|n)
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Proof. Towards a contradiction, suppose that v/2 is not irrational. Then, we have that v/2 is rational,
so that there exist integers a and b, with b # 0, such that

a
2="
V2=

and a and b have no common factors greater than 1. Now, as v/2 = 7, we have that bv/2 = a, so that
(bv/2)? = a?, and 2b% = a®. As b is an integer, and as the integers are closed under multiplication, b% is
an integer. Hence, 2|a®. By our previous result, as a is an integer and 2|a?, we have that 2|a. Hence,
there is some integer k such that a = 2k.

Now, as 2b> = a® and a = 2k, we have that 2b% = (2k)? so that 2b? = 4k?, and b? = 2k%. As k is an
integer, and as the integers are closed under multiplication, k% is an integer. Hence, 2|b%. Again, by
our previous result, as b is an integer and 2|b%, we have that 2|b. Notice that we have that 2|a and 2|b.
Hence, a and b have a common factor, greater than 1 (namely 2). This is a contradiction; hence, we
have that v/2 is irrational. O

2.4 Proof By Cases

Recall that we have the following equivalence:

((AV B) = (C) is equivalent to (A= C)A (B = (C))

Note: This can be extended:

((Av BV C) = D) is equivalent to (A= D) A (B = D) A (C = D))

((AVBVCVD)=E) is equivalent to (A= E)A (B= E)A(C = E)\ (D = FE))

etc...

For some theorems of the form (A = B), we may be able to “break-up” the antecedent A into “more
precise” propositions connected by “V” (OR).

For example:

o (n is an integer) can be written: (n is even) V (n is odd)
o (z is a real number) can be written: (z is a positive real number) V (z = 0) V (z is a negative real
number)

If we can rewrite (A = B) as ((A; V A2) = B), then we can prove the equivalent: ((4; = B) A (A2 =
B)):

o Prove/Show A; = B
o Prove/Show Ay = B

Comment: As A1 & Ay are more precise, when you are assuming them, you will have more information
to work with.
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Using these equivalencies is called a “Proof by Cases”.
Outline: If (A = B) can be written as ((4; V A2 V A3) = B): Here we have three “cases”.
Proof: Suppose A. We will consider (three) cases.

o Case 1 (A;): Suppose Aj. Then.... Hence, B.
— Therefore, if A7, then B.

o Case 2 (Az): Suppose As. Then.... Hence, B.
— Therefore, if Ay, then B.

o Case 3 (A3): Suppose As. Then.... Hence, B.
— Therefore, if A3, then B.

These cases are exhaustive. Hence, B. Therefore, if A then B.

X

Comment: Recall we mentioned that (Vz € U)(P(x)) is equivalent to

(Vo €eU)(z €U = P(z)).

If we can break-up x € U into cases, we can use this method here as well.

Example: We will prove the theorem: (Vn € Z)(3{n = 31{n?)
Recall that we have 3 { n is equivalent to/defined to be:

(Bk € Z)(n=3k+1)V (3k € Z)(n = 3k + 2))

Case 1 or Case 2 respectively.

Proof. Let n be an arbitrary integer. Suppose 3 1 n. We will consider two cases.

e Case 1 ((3k € Z)(n = 3k + 1)): Suppose n = 3k + 1 for some integer k. Now: n? = (3k +1)? =
9k? + 6k + 1 = 3(3k% + 2k) + 1.
As 2,3 and k are integers and as the integers are closed under multiplication and addition, 3k% + 2k
is an integer. Hence, 3 { n2. Thus, if n = 3k + 1 for some integer k, then 3 { n2.

e Case 2 ((3k € Z)(n = 3k + 2)): Suppose n = 3k + 2 for some integer k. Now: n? = (3k + 2)? =
9k* + 12k +4 =9k + 12k + 3+ 1 =3(3k? + 4k + 1) + 1.
As 1,3,4, and k are integers and as the integers are closed under multiplication and addition,
3k% + 4k + 1 is an integer. Hence, 3 1 n?. Thus, if n = 3k + 2 for some integer k, then 3 { n2.

These cases are exhaustive. Hence, 31 n?. Therefore, if 3 1 n, then 3 { n?.

As n was arbitrary, for all integers n, if 31 n, then 3 { n?. O
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(A= B)| (A = (B = (0)) (A = (BANQO))
Assume A Assume A Assume A
Show B Show (B = () Show B
Assume B Show C
Show C or (A = B)AN(A = ()
or (ANB) = C

(A= (BV(C)) < (-(BV(C) = —-A)
— ((-BA-C) = -4A)
Equivalence: (A = (BV ()) is equivalent to: ((AA-B) = C)
If we need to prove a statement of the form: (A = (BV C))
We often prove the above equivalent statement.
To prove/show (A = (B V C)) using this equivalence:

o Assume/suppose both A is true and B is false (i.e., assume A and —B)
o Show/Prove C
e Conclude “Therefore, if A, then B or C.”

Comments: Showing a disjunction (B V C) is difficult, so this equivalence avoids this.

We could also prove (A = (B V C)) by contraposition!

(~(BVC) = ~A)

(B A-C) = —A)

Assume both B and C are false, then show/prove that A must also be false.

Example: “Let x be a real number. If 22 + 72 = 92 + 15, then 2 < 2 or % > 07
Logical Form: (Vz € R)(P(z) = (Q(z) V R(x)))
Equivalent Form: (Vz € R)((P(z) A =Q(z)) = R(z))

where

P(z): 2>+ Tz =92+ 15
Q(z):x <2
. xz—4

Proof. Let x be an arbitrary real number. Suppose we have that 22 + 7o = 9z + 15 and that x % 2.
Then, we have that 22 — 22 —15 = 0 and that x > 2. As 22 —2x—15 = 0, we have that (x—5)(z+3) =0
so that either x —5 = 0 or that x +3 = 0. Then, we have x =5 or x = —3. As z > 2 and either x = 5
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or x = —3, we must have that z = 5. (If we had x = —3, we would have = £ 2, which would contradict
x > 2). Now:

r-4_5-4_1_,
r—3 5-3 27

Hence, ﬁ—i?)‘) > 0. Therefore, we have that if 2% + 72 = 9z 4 15, then either z < 2 or g—ig > 0. As x was
arbitrary, for any real number z, if 22 + 72 = 92 + 15, then either z < 2 or a:—g > 0. O

r—

Review:

We're going to use a negation to show how the negation changes the statement.

(Vn € w) (n < 129(37100)> + False
- ((Eln € w) (n > 129(37100))) + Same and still False
(3n € w) (n < 129<37“’°>> « True

(In € w) (n > 129(37100)> + Same and still True

Example: For any integers x and y, if 6 divides xy, then either 2 divides x or 2 divides y.
Logical Form: (Vz € Z)(Vy € Z)(6|zy = (2|z V 2]y))
Equivalent Form: (Vx € Z)(Vy € Z)((6|zy A2 1 z) = 2|y)

Assuming more & showing less

Proof. Let x and y be arbitrary integers. Suppose that 6 divides xy and that 2 does not divide =x.
Then, there are integers k£ and j such that xy = 6k and x = 25 + 1. Now:

xy = 6k
(2j+ 1)y =6k
2jy +y =6k
y = 6k — 25y
y =203k — jy)

As 3, k, j and y are integers, and as the integers are closed under multiplication and subtraction,
3k — jy is an integer. Thus, 2 divides y.

Hence, if 6 divides zy, then either 2 divides x or 2 divides y. As x and y were arbitrary, for any integers
x and y, if 6 divides zy, then either 2 divides x or 2 divides y. O

28



Proofs in Metric Spaces and Analysis Module 2

Proving (Vx € U)(P(z)) is False by Counter Example:

If we are proving a universal statement is false, then we are proving that the negation is true. Recall
that: =(Vax € U)(P(x)) is equivalent to: (3= € U)(—P(z)). This gives us the following outline:

Proof: Let z = (found in scratch work). Now,... Hence we have x is in U.
Now: ..

Thus we have that P(z) is false. As z is in U, it is not the case that every = in U makes P(x) true. O

Example: We will prove that (Vo € w)(x? 4+ x + 41 is prime) is false by counter example.

Proof. Let x = 41. Notice that x is a whole number. Now:
22+ +41 =412 + 41 4+ 41 = 41(41 + 1 + 1) = 41(43).

As 2% + 2 + 41 = 41(43) and both 41 and 43 are integers greater than 1, we have that 22 + x + 41 is a
composite number, that is, 22 4+ x + 41 is not prime.

As z is a whole number, it is not the case that 22 4+ x 4 41 is prime for all whole numbers. O

Note: In these proofs, the value of x that we find is called a “counter example.”

2.5 Cool Proof

Another cool “proof” of irrationality of square roots of primes in general.

Proof. Let n be a prime integer. Toward contradiction, suppose that y/n is rational. Then, we have
that \/n is rational, so that there exist integers a and b, with b # 0, such that \/n = § and a and b
have no common factors greater than 1 (i.e., § is in lowest terms). Now, as \/n = §, we have that
by/n = a, so that (by/n)? = a2, and nb® = a®. That is, nb? is a perfect square. Using the factorization
of nb?, we see that n is a perfect square. As a perfect square greater than 1 cannot be prime, we have
a contradiction. Hence, /n is irrational. O
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Chapter 3

Module 3: Relations, Functions,
Injections, Surjections, Bijections

Let A and B be two sets.
The (Cartesian) product A x B is defined to be:

Ax B={(a,b)|ac ANbe B}

“(a,b)” is the ordered pair with “a” as the first component and “b” as the second.
Notation: We may write A% to mean A x A (e.g., R?, Z2, etc.).

If C C A x B, we say that C' is a relation from A to B (i.e., if C is a set of ordered pairs whose 1st
components come from A and whose 2nd components come from B).

If C C A%, we say that C is a relation on A.
“Idea”: A relation is a set of ordered pairs.
Let FF C A x B such that the following two properties hold:

(i). (Ya € A)(3b € B)((a,b) € F)
(ii). (Va € A)(Vby € B)(Vbs € B)[((a,b1) € F A (a,bs) € F) = by = by

In this case, we write F': A — B and we say “F is a function from A to B”.

If (i) doesn’t hold, but (ii) does, we write F': A — B (with a “harpoon” arrow) and say “F is a partial
function from A to B.”

Examples: Let A ={0,1,2,3,4} and let B = {0,2,4,6,8}
FO:{(078)7(176)7(274)7(372)7(4>O)} Fb:A— B
F={(0,2),(1,2),(2,2),(3,2),(4,2)} F,:A— B

Fy ={(0,0),(1,2),(2,4),(3,6),(4,8),(0,2)}
F5 is not a function from A to B: ii. fails: (0,0) & (0,2) in F» but 0 # 2. In other words, the first
component “0” goes to two different second values (0 & 2).

F3={(0,2),(1,4),(2,6),(3,8)} F3:A— B
i. fails as there is no b such that (4,b) € F.
Fy={(0,0),(2,1),(4,2),(6,3),(8,4)}
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Fy is not a function from A to Bas F ¢ Ax B
(However: Fy : B — A). That is, it defines a function from B to A.

IfF: A— B:

o A=dom(F) “The domain of F'”
e B=cod(F) “The codomain of F.”
o Im(F)=ran(F)={be€ B|(Ja € A)((a,b) € F)}
“The image (or range) of F'”
For Fy: dom(Fp) = A, cod(Fy) = B, ran(Fy) = B
For Fy: dom(Fy) = A, cod(Fy) = B, ran(Fy) = {2}
Another example: Let A ={5,7,9,11} and B = {0,2,4,6,8,10}, so that F,G C A x B where

F ={(5,6),(9,10),(11,8),(7,6)} F:A— B
G ={(5,6),(7,10),(9,6),(11,10),(7,4)} not a function: 7 goes to both 10 and 4.

F': is a function, and
F:A—- B
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G: is a function, but not a function from A to B as (i) fails. (The “top dot” in A doesn’t correspond
to a pair in G.) We do have G is a partial function from A to B.
G:A—B

H

H: Is a function, and
H:A—B
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J: is not a function from A to B (as JELAX B), though J is a function by using different sets A and
B for the domain & codomain, say A and B. Then, we could have J : A — B.

K

K: is not a function as (ii) fails as one point in A “goes to” different values in B.
Comment: I will often refer to property (ii) as the “VLT” (the “Vertical Line Test”).

A relation drawn in the plane fails the VLT when some vertical line x = a meets it twice, i.e., (a, b1)
and (a, bg) are both in the relation with by # bo:
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Figure 3.1: The relation # = y? — 2 is not a function of z: the vertical line x = 1 hits it at (1,v/3) and (1, —/3).

Defining Functions: When we are writing out/defining a function there are three important parts
we need to identify:

¢ The Domain
¢ The Co-domain
e The Ordered Pairs in the function.

If the domain is finite, we can list out all of the ordered pairs in the function, if the domain is large or
infinite, we may try to identify a rule to describe which pairs are in the function.

Notation: We may write f(a) = b to mean (a,b) € f. This also gives us: (a, f(a)) € f for each a in
the domain.

Example 3.1. f: N — N where f(n) =2n — 1 for each n € N.
Example 3.2. f:R — R where f(z) = 22 for each z € R.

Alternate Rule Notation “maps to”: a — b means (a,b) € f, i.e., f(a) =b.
Example 3.3. f: N — Z where n — (—1)"(2n — 1) for each n € N.
Example 3.4 (a Cartesian product).

{a,b,c} x{1,2,3} = {(a, 1), (a,2),(a,3),(b,1),(b,2),(b,3),(c,1),(c,2),(c,3)}
Additional Comments: Most of the functions that we will be looking at will be subsets of R2. If
just the “rule” is specified, we assume the domain to be as “large as possible” in R.

Example 3.5. Consider f(z) = 22, We assume that f: R — R (as domain & codomain were not
stated).

The only value that can’t be in dom(f) is 7 (can’t divide by zero). So we have:

f:R\{7} =R

One reason that we specify the codomain instead of the image/range is that it often is difficult to
determine the actual range.

(In the above example, the range is actually R\ {1}, but this takes additional work).

Three main rules for domain:
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e Can’t divide by zero g = x#0

o Can’t take a square root (or other even root) of a negative value %/x = z >0
o Can'’t take a log of a non-positive value log(x) = z >0

Converse Relations/Functions

Suppose that R C A x B. The converse of R is R C B x A and is defined by:

R={(b,a) e Bx Al (a,b) € R}

“Idea”: The converse is just the collection of all “flipped” /reversed ordered pairs.
Example 3.6. If R = {(0,0),(1,2),(2,4),(3,0)}, then:
R = {(07 O)’ (27 1)’ (47 2)7 (Oa 3)}

R is a function, with R : {0,1,2,3} — {0,2,4}. R is not a function (the VLT fails: 0 goes to both 0
and 3).

We will define a property to determine when the converse of a function is itself a (partial) function.

Preview (from class): here is the outline and algebra for a proof that F(x) = i—fg is one-to-one.

The definition this uses is given right after.

LEMa e R\ {7} Vb e R\ {7} (F(a) = F(b) = a=10))
Proof: Let F': R\ {7} — R be the function defined by
F(x) = L +§ for all x in the domain of F.

x p—
Let a and b be arbitrary in R\ {7}

Assume F(a) = F(b)

:(show a = b)
Hence, a = b. Thus, if F'(a) = F(b), then a = b.

As a and b were arbitrary, I’ is one-to-one.
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F(a) = F(b)
a-+2 B b+ 2
a—T7 b-—7

(a+2)b—-T)=b+2)(a—T)
ab—Ta+2b—-14=ab—-Tb+2a — 14
—Ta+2b=—Tb+ 2a
—9a = —9b
a=1b
In our example, the reason that R wasn’t a (partial) function was that in R, two values (0 & 3) both

went to 0 (so “flipping” the pairs results in 0 mapping to two different values).

This means that to ensure that the converse of R: A — B is also a function any different values in the
domain must go to different values in the codomain:

(Vae A)(Vbe A)(a #b = R(a) # R(b))
By contraposition, this is equivalent to:

(Va € A)(Yb € A)(R(a) = R(b) = a=b)

Definition 3.7. Let F : A — B. We say that F' is 1-1 (one-to-one) or an injection, and we write:
F:AY B provided:
(Va € A)(Vb e A)(F(a) = F(b) = a=0)

Outline of a proof that F': A — B is an injection:

Proof. Set-up (Introduce / define F'). Let a and b be arbitrary in A. Suppose F'(a) = F(b).

Now, ...
Hence, a = b. Thus, if F(a) = F(b), then a = b. As a and b were arbitrary in A (in the domain), F' is
an injection (one-to-one). O

Example 3.8. Let F : R\ {7} — R be defined by z — 2 for all € R\ {7}. We will prove that F
is an injection.

Proof. Let F : R\ {7} — R be the function defined by z — ££2 for all z € R\ {7}. Let a and b be
arbitrary in R\ {7}. Suppose F(a) = F(b). Now:
a+2 b+2
a—7 b-7
(a+2)b—-T)=(b+2)(a—T)
ab—Ta+2b—14=ab—7b+2a—14
—T7a+2b=—-Tb+2a
—9a = —9b

a=>b.

Hence, a = b. Therefore, if F'(a) = F(b), then a = b. As a and b were arbitrary in the domain of F', I’
is one-to-one. t
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Example 3.9. Let ¢ : Z — w be defined by n + n? for all n € Z. Prove that g is not one-to-one.

Logical Form: —(Va € Z)(Vb € Z)(g(a) = g(b) = a = b)
We prove this using a counter example by the equivalence: (Ja € Z)(3b € Z)(g(a) = g(b) ANa # b).
Scratch Work: We need g(a) = g(b) and a # b, i.e., we need a® = b? and a # b.

One case where this will happen is when a = 13 and b = —13.

Proof. Let g : Z — w be the function defined by n +— n? for all integers n. Let a = 13 and let b = —13.
Note that both a and b are integers. Now:

g(a) = a® =132 =169 = (—13)? = b = g(b).
Hence, we have that g(a) = g(b). Also, note that a =13 # —13 = b, so a # b.

Thus, we have that g(a) = g(b) and a # b. As a and b are integers, there are integers a and b such that
g(a) = g(b) and a # b. Therefore, g is not one-to-one. O

Example 3.10. Prove: f: R - R, 2+ 7 — 3z for all z € R is 1-1.
L.F. (Va € R)(VYb € R)(f(a) = f(b) = a =)

Proof. Let f: R — R be the function defined by z + 7 — 3z for all x € R. Let a and b be arbitrary
real numbers.

Suppose f(a) = f(b). Now:

7—3a=7-3b
—3a = —3b
a=>b.

Hence, a = b. Therefore, if f(a) = f(b), then a = b.

As a and b were arbitrary, f is an injection. O

Example 3.11 (a relation that is not a function, with its domain and image).

R C{1,2,3,4} x {6,8,10}
R =1{(1,6),(1,8),(3,10)} (Not a function: VLT fails at 1)
Dom(R) = {1, 3}
Im(R) = {6,8,10}

Comments/Definitions in the following proof:

i) Provided the VLT property holds for a relation, the relation will be a function for appropriate sets
as the domain and codomain.

< This means to show that F' is a function, we only need to show the VLT for F C B x A:
(Vb € B)(Vay € A)(Vag € A)[((b,a1) € F A (b,as) € F) = a3 = ay)

ii) If X and Y are sets, we say X =Y exactly when:

(XCYANY CX)

iii) If X and Y are sets we have X C Y exactly when:
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V) (zre X=z€Y)
iv) The domain of a Function/Relation R C A x B can be defined by:
dom(R) ={a € A| (3b € B)((a,b) € R)}

Example 3.12. Let ' = {(0,1), (

Its converse is F' = {(1,0), (1,1),(
F'is not a function.

,1),(2,1)},s0 F: {0,1,2} — {1} is a function that is not one-to-one.

1,1
1,2)}, which fails the VLT (the single input 1 goes to 0, 1 and 2), so

Theorem 3.13. Let F : A — B, and let F C B x A be the converse of F. Then

F is a function <= F is an injection.
Furthermore, dom(F) = ran(F) and ran(F) = dom(F).

Proof. Let F: A — B and let F C B x A be the converse of F.

( = ) Suppose that Fis a function. Let a and b be arbitrary in the domain of F' and suppose
F(a) = F(b). Denote the value of F(a) = F(b) by ¢ (i.e., F(a) = ¢ and F(b) = ¢). Now, we have that
both (a,c) € F and (b, ¢) € F. By the definition of the converse, we have that (c,a) € F and (c,b) € F.
As F'is a function, we have that a = b. Thus, if F(a) = F(b), then a = b. As a and b were arbitrary,
F is one-to-one. Thus, if F is a function, then F is one-to-one.

(<) Now, suppose F' is one-to-one. Let b € B be arbitrary and let a1 and ag be arbitrary in A. Suppose
that (b,a;) € F and that (b,as) € F. By the definition of the converse, we have (a1,b) € F and
(az,b) € F, ie., that F(a1) = b and F(a) = b. Hence, F(a1) = F(az). As F' is one-to-one, we have
that a1 = as. Therefore if (b,a1) € F and (b, ag) € F then a; = as. As b, a1, and as were arbitrary,
F'is a function. Thus, if F' is one-to-one, then F'is a function.

We’ve shown both directions of the biconditional. Hence, F' is a function iff F' is one-to-one.

(dom(F) = ran(F)): Let 2 € dom(F) be arbitrary. Then, there is some y € A such that (z,y) € F.
By the definition of the converse, (y,z) € F. As y € A and (y,x) € F, we have that = € Ran(F'). As
x was arbitrary, dom(F') C Ran(F).

Now, let z € Ran(F) be arbitrary. Then, there is some y € A such that (y,z) € F. By the definition
of the converse, (z,y) € F. Hence, z € dom(F). As z was arbitrary, Ran(F) C dom(F).

Thus, we have dom(F') = Ran(F).

(ran(F) = dom(F)): Let z € ran(F) be arbitrary. Then, there is some y € B such that (y,z) € F.
This implies that (x,y) € F. Hence, z € dom(F). As & was arbitrary, ran(F) C dom(F).

Now, let € dom(F’) be arbitrary. Then, there is some y € B such that (z,y) € F. This implies that
(y,z) € F. As y € B, we have that = € ran(F ) As x was arbitrary, dom(F') C ran(F)

Thus, we have ran(F) = dom(F). O

Scratch work for the next theorem: suppose f(z) = f(y) for f(z) = g;”jr'g Cross-multiplying and
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simplifying leads to (ad — be)(x —y) = 0, so if ad — bc # 0 we get x —y = 0O:

ar+b ay+b
cx+d - cy+d
(az +b)(cy +d) = (ay + b)(cx + d)
acry + adx + bey + bd = acxy + bex + ady + bd

adx — bcx = ady — bey

(ad — bc)z = (ad — be)y
(ad — be)x — (ad — be)y =0
(ad —be)(z —y) =0

Theorem 3.14. Let a,b,c, and d be real numbers with ¢ and d not both equal to zero.
Let f : R\ {—g} — R be the function defined by x — ggis for all x € dom(f).
Then, f is 1 — 1 iff ad — bc # 0.

For the proof of this theorem, we will use the “Zero Product Property” of the real numbers:

(Va e R)(VbeR)(ab=0 = (a=0Vb=0))
Logical Form: (fis1—1) < (ad — bc # 0)

(Comment: The above form has the quantification of a, b, ¢,d (and f) suppressed. For a,b,c,d (and f)
the universal quantifier would be used.)

Equivalent Forms:

(v € dom(f)) (Vy € dom(f)) (f(x) = f(y) — @ =y)) <= (ad— be £ 0)(Def 1 1)
[(fis1—1) = (ad —bc# 0)]A[(ad —bec #0) = (fis 1= 1)] (proofot 2ss)

[(ad —bc=0) = —(fis1—1)]A[(ad —bc#0) = (f is 1 —1)] (Contrapositive
[(ad—be=0) = (3o € dom(f)) By € dom(f)) (f(x) = f(y) A v £y

Allad —be #0) = (Vo € dom(f)) (Vy € dom(f)) (f(z) = f(y) = ==y

)
)]
)]
(Def 1 — 1 and negation of 1 — 1)

“Full” / Quantified Logical Form:

(Va € R)(Vb € R)(Ve € R)(Vd € R)

CHd#0 =
e

cand d
not both zero

(v R\ {-4 > R)((vo e R\ {-2})(f(a) = 2}) —

(v € dom(f))(¥3 € dom())(f(#) = f(§) = & = §) = ad—be # 0))]

fis 1-1

Additional Comment: In the case where ¢ = 0 (and d # 0), we have that f : R — R (as —% is not
defined / not a real number so that R\ {—%} =R).

The set-up of our proof will still follow this quantified form with one minor adjustment:
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We won’t use the key-word “arbitrary” when introducing the function f. This is due to the fact that
we are defining a specific function. (We could still use the word “arbitrary” in the proof here, it just
isn’t needed.)

Proof. Let a,b,c and d be arbitrary real numbers with ¢ and d not both equal to zero. Then, let

f:R\ {—%} = R be the function defined by z — Zfig for all z in the domain of f.

(=) Now, suppose ad — bc = 0. Let

~d41 ifc#£0,
"L‘:
1 if c=0.

If ¢ # 0: as 1,c and d are real and as the reals are closed under addition, subtraction and division by
non-zero values, —% + 1 is real, so that z is real. We will show that z # —g. Towards a contradiction,
suppose r = —g. Then, as x = —% + 1, we have that —% = —g + 1, so that 0 = 1. As 0 # 1, we have
a contradiction. Hence, x # —‘El. Therefore, z € R\ {—‘El}, i.e., x is in the domain of f.

If ¢ = 0, then we have = = 1, so that z is real. When ¢ =0, R\ {~%} =R, so that  is in the domain
of f.

Now, let y =x 4+ 1. As z is real and 1 is real and the reals are closed under addition, z + 1 is real, so
that y is real. If ¢ # 0, we have that y = —g + 2. As was the case with z, we have that y # —g, SO
that y is in the domain of f. If ¢ = 0, we have that the domain of f is R and y is thus in the domain.

Next, we show that x # y. If ¢ # 0, we have x = —% +1and y = —% + 2. Note that 1 # 2, so that
—%—}—17&—%—{—2, andx #y. fc=0,wehavex =1#2=y.
We now will show that we do have that f(z) = f(y). Note that:

0=0
O(x—y)=0
(ad —bc)(z —y) =0
(ad — bc)xr — (ad — bc)y =0
(ad — be)x = (ad — be)y
adx — bcx = ady — bey
adz 4 bey = ady + bex
acry + adx + bey + bd = acxy + ady + bex + bd
a(cy +d) + b(cy + d) = a(cx + d) + b(cx + d)
(cy +d)(ax +b) = (cx + d)(ay + b)
ar+b ay+b
cw+d cy+d

f(x) = f(y).

Thus, we have f(z) = f(y). As z # y and f(z) = f(y), and x and y are in the domain of f, we have
that f is not one-to-one. Thus, if ad — bc = 0 then f is not one-to-one. Hence, by contraposition, if f
is one-to-one, then ad — be # 0.

(«=) Now, suppose ad — bc # 0. Let x and y be arbitrary in the domain of f.
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Suppose f(z) = f(y). Now:

ar+b ay+b
cx+d cy+d
(ax 4+ b)(cy +d) = (ay + b)(cz + d)
acry + adx + bey + bd = acxy + ady + bex + bd
adx + bcy — ady — bex =0
adr — bex 4+ bey — ady =0
(ad — bc)r — (ad — be)y =0
(ad —be)(z —y) = 0.

By the zero product property, we must either have that ad — bc = 0 or that x —y = 0. As ad — bc # 0,
this implies that z —y = 0, so that = y. Thus, if f(z) = f(y), then © = y. As x and y were arbitrary,
for all x and y in the domain of f, if f(x) = f(y), then x = y. Hence, f is one-to-one. Thus, if
ad — bc # 0, then f is one-to-one.

We have shown both directions of the biconditional, hence f is 1-1 iff ad — bc # 0. As a, b, ¢, and d were

arbitrary, for any real numbers a, b, ¢ and d with ¢ and d not both equal to zero, for f: R\ {—%l} - R

defined by z — Zﬁig for every x in the domain, we have that f is an injection iff ad — be # 0. O

Example 3.15.

)
Cod(f) =0,00)
Range(f) = Im(f) = [0, 00)

Note #1: f is not one-to-one because we can find two different values in the domain that f maps to
the same value. E.g. —4 # 4 (both in the domain), but f(—4) = 16 = f(4). Visually, this is because f
fails the “Horizontal Line Test” (HLT).
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20

(—4,16) | (4,16)

15

10

-20 -15 -10 -5 0 ] 10 15 20

Figure 3.2: f(x) = 2 fails the horizontal line test: the line y = 16 meets the graph twice, at * = —4 and
=4

Note #2: This is an example of a function whose codomain and image/range are not the same.

If we “changed” the codomain and considered f : R — [0,00) defined by z ++ 22 for all € R, then we
would have that the codomain and the image/range would be equal / the same.

If a function is such that the codomain and image are equal (the same), i.e., if Cod(f) = Im(f), we say
that the function is onto or is a surjection.

In this case, we may write: f: A onto, B,

3.1 Surjections / Onto Functions

A function f: A — B is onto / a surjection when Cod(f) = Im(f).
This “means” that everything in B needs to be mapped to by at least one value in A (the domain).

A B A

f g
— _

B

f:A— B is not onto, not 1-1. g: A — B is not onto, is 1-1.
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h: A — B is onto, not 1-1. k:A— B is onto, is 1-1.

Notice that being 1-1 € onto are unrelated (one doesn’t imply / give the other).
The Logical Form of the Definition of Onto

A function f : A — B is onto/a surjection iff:

(Vb e B)(Fa € A)(f(a) =b)
“For every value b in Cod(f) = B, we can find a value a in Dom(f) = A, such that f maps/takes a to
b‘”

“QOutline” of a proof that f: A — B is a surjection:

Proof. (Introduce the function)

Let b be arbitrary in B.

Let a = (value found in scratch work).

(Show a € A)*

Now: f(a) =--- = b (“calculation”).

Thus, f(a) =b. As a € A, there exists an a in A such that f(a) = b.

As b was arbitrary, for all b in B, there is an a in A such that f(a) = b. Thus, f is a surjection/is
onto. O

*In many cases this is done by contradiction & closure properties.

Example 3.16. We will prove that f : R — R, defined by f(z) = 2z — 7 is onto.

Logical Form: (Vb € R)(Ja € R)(f(a) =)
Scratch Work: We need f(a) =b: 2a —7=b = 2a=b+7 = a= 2"

Proof. Let f:R — R be the function defined by z +— 2x — 7 for all z € R.

Let b be an arbitrary real number. Let a = bi;. Notice that 2, 7, and b are real numbers, so that as
the reals are closed under addition and division by non-zero values, % is real. Hence, we have that a
is real, i.e., that a is in the domain of f.
Now: b

f(a):2a—7:2< + )—7:(b+7)—7:b.

Hence, we have that f(a) = b. As a is real, there is a real number a such that f(a) = b. As b was
arbitrary, for all real numbers b, there exists a real number a such that f(a) = b. Hence, f is a
surjection. O]
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Example 3.17. We will prove that f : R\ {7} — R\ {5} defined by z — 22=2 is onto.

Logical Form: (Vb € R\ {5}) (3a € R\ {7}) (f(a) =)
Scratch Work: Need to find a € R\ {7} such that f(a) =b: 22=2 =b

= (ba—2)=bla—T7)=5a—2=ab—Tb=5a—ab=2—7Tb

2—17b

Closure properties of R (and that b # 5) will give us a € R.

We will use a contradiction to show a # 7. (Assume a = 7 and get a false statement).

Proof. Let f:R\ {7} — R\ {5} be the function defined by f(z) = 22=2 for all z in R \ {7}. Let b be

in R\ {5} be arbitrary. Let a = 25;_7;’. Note that b #£ 5, so that 5 —b # 0. As, 2, 5, 7 and b are real,
and as 5 — b # 0, we have that as the reals are closed under subtraction, multiplication and division by

non-zero values, 25 7bb is real, i.e., a is real.

We claim that a # 7. Towards a contradiction, suppose a = 7. Now:

a_2—7b
- 5—b
2—7bh
T= 5—b

7(5—b0)=2-"Tb
35—-Th=2-"T7b
35 = 2.
Now, we have that 35 = 2. As 35 # 2, we have a contradiction, hence a # 7, as claimed. Thus,
a € R\ {7}, that is a is in the domain of f.

Now, notice:

5a — 2

fla) = p—
5 -2
(Y -7

~ 5(2—17b) —2(5 —b)
- (2-7h) —T7(5—b)
10— 35b— 10+ 2b
 2-Tb—35+7b
~ —33b

T -33

=b.

Hence, f(a) = b. As a € Dom(f), then is an a € Dom(f) such that f(a) =b. As b € Cod(f) was
arbitrary, for all b € Cod(f), there is an a € Dom(f) such that f(a) = b. Hence, f is onto. O

Example 3.18. We will prove that f: R\ { } — R defined by = — 2“'1 is not a surjection.
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Logical Form: —(vb € R)(Ja € R\ {3})(f(a) = b)
Equivalent Form (simplified): (3b € R)(Va € R\ {3})(f(a) # b)

We need to find a real number b that nothing in the domain maps to.

We will examine f(a) = %Zfé
1
4
8a —9)2a + 1
—(2a — %)
E)
4

2a+1 1 £

Now: f(a) = §55 = 1 + &5

This means that f(a) can’t equal 1 (this is the value of b we were looking for)
(Never equals zero (4 = 0 iff A =0 & B #0))

Comment: We could also look at the graph, which has a horizontal asymptote at y = i, which the
curve doesn’t cross.

ssssssssnal

ssssssussse

4 ;

Figure 3.3: f(z) = 2%} has a horizontal asymptote at y = ; (dashed) which the curve never crosses, and a
9

vertical asymptote at © = g

Proof. Let f : R\ {2} — R be the function defined by f(z) = 22t for all z € R\ {2}. Let b = 1.

Note that b € R, so that b is in the codomain of f. Now, let a € R\ {3} be arbitrary. We will show
that f(a) # b. Towards a contradiction, suppose f(a) = b. Now:
20+1 1

8a—9 4

42a+1)=8a—-9

8a+4=8a—9

4=-9
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Now, we have 4 = —9. As 4 # —9, we have a contradiction. Hence, f(a) # b. As a was arbitrary, for
every a in the domain, f(a) # b. As b is in the codomain, there is a b in the codomain, such that for
all a in the domain, f(a) # b. Hence, f is not a surjection. O

3.2 Bijections

As we noted earlier, functions can be either 1-1 or onto or both or neither. If f: A — B is both 1-1

and onto, we write f : A 1;t>1 B and we say that f is a bijection (or a one-to-one correspondence).
onto

To prove that f: A — B is a bijection, we prove both that it is 1-1 and is onto and then conclude that
f is a bijection.

Example 3.19. We will prove f : R — R, defined by « — x — 7 is a bijection.

Proof. Let f:R — R be the function defined by f(z) =z — 7 for all x € R.
(1-1): Let a and b be arbitrary in the domain, and suppose that f(a) = f(b). Now:

a—T=b—-7

a=>o.

Hence, a = b. Thus, if f(a) = f(b), then a = b. As a and b were arbitrary, for all a and b in the
domain, if f(a) = f(b), then a = b. Thus, f is an injection.

(Onto): Let b be arbitrary in the codomain. Let a = b+ 7. As b is in the codomain, b is real. As 7 and
b are real, and as the reals are closed under addition, b+ 7 is real, i.e., a is real and is in the domain of
f. Now:

fla)=a—-T7T=0+7)-T=0.

Thus, f(a) = b. As a is in the domain, there is an @ in the domain such that f(a) = b. As b was
arbitrary, for all b in the codomain, there is an a in the domain such that f(a) = b. Hence, f is a
surjection.

As f is both an injection and a surjection, f is a bijection. O

We will now “construct” a surjection f: N — (0,00) N Q.

Visually, we “weave” through the lattice points (a,b) with a,b € N, starting at (1,1), going along the
diagonals a +b=2,3,4,...:
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bt |
L]

3 4 S
11 1

- . : 2 °

Figure 3.4: The weaving path through the lattice points; each point is labelled with the fraction it represents.

o This “weaving” pattern will hit every ordered pair of positive integers;

e This means that we will get every fraction of positive integers.

¢ As every positive rational number can be written as 3 for a,b positive integers, f will be onto
(0,00) N Q.

We “associate” an ordered pair (a,b) with the rational number equal to 7.
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We “map” each natural number to the rational number associated with the corresponding dot/point.

L 1((1,1) %)

9 %((1,2) = %)

3—2((2,1) — %)

40 3((3,1) )
5 1((2,2) o 2)
65 5((1,3) 5 5)
T 1((1L4) o )
S0 2(2,3) 2 3)
9052 (3,2) - )
10 4((4,1) = )

A bijection between two finite sets of the same size, A = {0,1,2,3,4,5} and B = {2,6,8,10,12, 16}
(so [A[=6=|B]):

Figure 3.5: A bijection between A = {0,1,2,3,4,5} and B = {2,6,8,10,12,16}.
Here f(0) =2, f(1) =6, f(2) =38, f(3) =10, f(4) =12 and f(5) = 16.
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The function f: N — (0,00) N Q that we just described is not an injection (not 1-1).

In fact, every positive rational number will be mapped to by infinitely many values from the domain.
We already have that f(1) = f(5) (both equal 1) with 1 # 5. (We also will have f(13) = 1).

Any time the “path” hits (n,n), the output will be 1.

While f is not 1-1, we can use it to “build” a bijection between N and (0, 00) N Q.

The “idea” will be to “skip over” values we already have mapped to.

F)=1=g(1)
£(2) = 5 = 902
F@)=2=903)
F)=3=g(4)
f(5) = 1(skip)

7(6) = 5 = 95
F(7) =1 =9(6)
f(®) =3 =91
f9) =3 =4(3)
710) =4 = g(9)
F11) =5 = g(10)

F(14) = 3 (skip)

£15) = £ = (1)
£(16) = ¢ = (12
Fm) = 2 = g(13)
718) = 2 = g(14)
£9) = 5 = 9(15)
£(20) = 2 = 4(16)

We will have g : N % (0,00)NQ

e As f was onto, g still will be.
o As we skip “duplicate” values, g will be 1-1.
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Cardinality of Sets

Two sets A and B are said to have the same cardinality if there is a bijection f: A =L B

onto
In this case, we write: |A| = |B|
If a set is finite, then we write |A| = n where n is the number of elements in A.
If |A| = |N|, i.e., if there is a bijection f : N % A, we say that A is denumerable, and we write
onto
|A| = No.

Example 3.20. Our last function g : N % (0,00) N Q, so we have that:
onto
[(0,00) NQ| =Ny

Example 3.21. Consider f: N 171 & defined by n+— n — 1 for all n € N. As this is a bijection, we

onto
have |w| = No.
Example 3.22. Consider i : N % N defined by n + n for all n € N. (h is the identity function on
N). Thus, we have |N| = Ny.

Al =|B| if 3f:AX5B

|A] =8¢ iff “A is denumerable” iff |A| = |N]

If A has n-many elements (for some n € N), A is “finite”
0] =0[{2,7,13,5,—83}| =5

(If A is finite or denumerable, A is countable)

1-1 . _ 1-1
When f: A p— B, every arrow can be reversed, giving f~!': B — A:
onto onto

A 7, f‘l B

Figure 3.6: A bijection f and its inverse f~!.
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Example 3.23. |N| = |Z|. We want to find f: N L7

onto

A first attempt, 1— 1, 2+— —1, 3+—2, 4+— =2, ..., ie.

”T‘H if n is odd,
n >

—5 if nis even,

is 1-1 but is not onto (it misses 0). Shifting the odd values down by one fixes this:

O UL W N
111111
|

(For n odd we can write n = 2k + 1 with k = 251, and we send n + k.)

Example 3.24. Consider j : N — Z defined by

if n is even.

=l if nis odd
j(n):{ 2 BRI 0CS porall n e N,
2

This gives us that |Z| = Ny.
1—0
2 —1
31
41— -2
52
6— —3
73
88— —4

A set A is said to be countable if either A is finite or if A is denumerable.
In other words, A is countable if either |A| = Ny or if there is some n € N such that |A| = n.

Fact: A set A is countable exactly when there is a surjection from N to A, i.e., there is some f: N — A.

Aside: if A ={1,2,3,4,5} (so |A| = 5), A is countable, so there should be a surjection f: N 2% 4.

For example: 1+— 1, 2+— 2, 33, 4—4, 55, 6—1, 7— 2, 8—3, 9—4,... (cycling through
A).

We will show that the interval (0,1) (of real numbers) is not countable.
To do this, we will show that every function f: N — (0,1) is not onto.

This means that there will always be a value in (0, 1) that is not in the image/range of the function.
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Fact we will use: Every real number in (0, 1) can be written in the form:

Y = > n1 1= where each y, € {0,1,2,3,4,5,6,7,8,9}

(This is the listing of all the digits in y in the decimal expansion)

For example: If y = %, we have y = 0.0769230769230...

Here: y1=0,92=7,y3=6,94=9, 45 =2, y6 =3, yr =0, ...

Comment: The decimal expansion may not actually be unique. This won’t matter for us right now,

but it’s important to be aware (In the actual proof, it will come up)

Example: If y = % we have both:

y = 0.23000000...
and y = 0.22999999...

The expansions can be made unique by not allowing the “tailing” 9’s.

1

5 = 0.500000...

y1 =95

y2 =10

y3 =10

ya =20
0.99999... =1

1

3 = 0.499999...

Let f: N — (0,1) be an arbitrary function. We will show f is not onto by finding a value b € (0,1)
which is not in the range/image of f.

Logical Forms: — (f is onto)
—(Vb € (0,1))(3a € N)(f(a) =)
(3b € (0,1))(Va € N)(f(a) # b)

We don’t know what f maps values to precisely, however, we can write the following;:

o0
Y1
f(1) =y = ITZ = 0.911Y12Y13Y14Y15Y16 - - -
n=1
Y
2
f(2) =1y = “ﬁz = 0.Y21Y22Y23Y24Y25Y26 - - -
n=1
Y
3
f3)=y3z= # = 0.Y31Y32Y33Y34Y35Y36 - - -
n=1
Y
f(m) =Ym = % = 0~ymlym23/m3ym4ym5ym6 cee
n=1

Comment: Notationally it would be better to put a comma ’,” between the subscripts (and necessary
for larger values).
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We now will deﬁne/create a number b as follows:
10n . 1 2 3 4 5 6"'

n=1

Where:
b — 3 if ypn # 3,
"7 if s = 3.

Idea: We look at the n' digit of f(n) and change it to something different.

Example: Suppose f gave us the following:

£(7) = 0.395945(6]. ..
The n'* digit of f(n) is boxed.
This allows us to begin to write b = 0.3333773...

Notice that b only has 3’s & 7’s, so it can’t have trailing 9’s, nor will it terminate (i.e., trailing 0’s).

Y1756 — H6™ digit of f(17)
Y1756 — 756 digit of f(1)
Y1756 — 6™ digit of f(175)

As b will not have trailing 9’s nor 0’s, the representation is unique, i.e., there is no other decimal
expansion for the same value.

This means that if b = a, every digit in the decimal expansions must match/be the same.
(i.e., b1 = a1,by = as,b3 = a3, by = ay, etc...)
Now:

o b# f(1) as by # y11 (the first digits are different)
b # f(2) as ba # ya2 (the second digits are different)
b # f(3) as bg # ys3 (the third digits are different)

b# f(m) as by # Ymm (the m!" digits are different)

This tells us that no matter what n € N we plug in, we will not get b.
In other words, b is not in the range (but b is in (0, 1), the codomain).
Thus, f is not onto. (Cod(f) # Range(f))

As f was arbitrary, any function f : N — (0,1) will not be a surjection.
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Comment: The “b” will be different for each f: N — (0,1), but we find such a “b” using the same
process.

We’ve just seen that any function f: N — (0,1) cannot be onto, so that any function f : N — (0, 1)
cannot be a bijection.

This means that |N| # |(0,1)| (Different Cardinalities), so that |(0,1)] # No.
We also know that (0, 1) is not finite, so that (0, 1) is not countable.
Aside: While f: N — (0,1) cannot be onto, it is possible for f to be 1-1.
For example, consider:

f:N—(0,1) defined by n n%rl for all n € N.

The same type of process also gives us that any function f: N — R cannot be onto (just make b € R
such that b “disagrees” with the n'! digit of f(n).)

This means that |N| # |R| and |R| # No.

(0,1) vs R: can we find a bijection f : (0,1) — R? Some functions (0,1) — R are 1-1 but not onto,
and some are onto but not 1-1:

o\

= \v

\

Figure 3.7: Two functions (0,1) — R: the green line segment y = 4= — 2 is 1-1 but not onto; the blue curve

y = f(;l,/f) + 6sin(4rz) is onto but not 1-1.
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Now, consider the function:

_1
f:(0,1) — R defined by x — :E:c 2_for all z € (0,1).

(z —1)

10

g | =

-10
Figure 3.8: f(z) = J%_%l) on (0,1): it passes the HLT (so it is 1-1) and takes every real value (so it is onto).

From the graph of f, we see that f does “pass” the HLT, so f is 1-1. We also see that the range/image
of f is in fact all of R, so f is onto.

This means we will have f is a bijection, so that:

(0, D] = [R]

Previously, we saw that:
IN| =1(0,00) NQ| = Ng

We will consider a (new) function F': N — [0, 00) N Q defined by:

29(2h — 1) —s %

Factor out all powers of 2. Remaining odd part.

55



Proofs in Metric Spaces and Analysis Module 3

Examples:
1:20(2-1—1)|—>%=0
2:21(2-1—1)H%:1
3:20(2-2—1)Hg:0
4:22(2-1—1)H%:2
20:22(2-3—1)%%
60:22(2.8—1)+—>§=1

It is clear that this function is not 1-1 (We already have f(1) = f(3) = 0).

It is also easy to see that this function is onto:

NOT a Formal Proof!

Choose any non-negative rational number, q.

As ¢ is non-negative and rational, we can write ¢ in the form ¢ = ¢
where a € W and b € N.

Notice that:

2%(2b — 1) will be natural (this takes a little work to verify).

S

e When a € W, 2% will be natural (2° = 1 € N, and for a > 1, 2% is natural by the closure of N under
multiplication, and for a = 1, 2! =2 € N.)

e Asbe N, 2b—1is an integer (closure of Z under multiplication and subtraction). Also, b > 1, so
2b>2,and 2b—1>1. As2b—1>1 and 2b — 1 € Z, we have that 2b — 1 € N.

e As 2% e Nand (20 —1) € N, by closure of N under multiplication, 2%(2b—1) € N, so 24(2b— 1) is in
the domain of f.

Then, we have: f(29(2b—1)) = ¢ = ¢. As ¢ € [0,00) N Q was arbitrary, f is a surjection.

onto

We now have f: N ——[0,00) NQ (2*(2b — 1) = §)

onto

We can use this function to “build”/define a bijection g : N — [0,00) N Q
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To do this, we use the same “skipping” idea that we used previously.

71 =0=g(1)
f2)=1=94(2)
7(3) = 0 (skip)
@) =2=40)
7(5) = 0 (skip)

1
7(6) = 5 = 9(4)
£(7) = 0 (skip)
7(8) = 3=
7(9) = 0 (skip)
1

7(10) = 5 = 4(6)

F11) = 0 (skip)

7(12) =1 (skip)

£(13) = 0 (skip)

F4) = 3 (ki)

7(1) = 0 (skip)

7(16) = 4 = 4(7)

f(17) =0 (skip)

F08) = £ = g()

f(19) = 0 (skip)

£(20) = 3 = g(9)

f(21) = 0 (skip)

7(22) = 5 = 9(10

f(23) =0 (skip)

fl2) = 5 = g(11)

f(25) =0 (skip)

£(26) = 2 = 912

f(27) = 0 (skip)

Again, by only skipping repeats, we still will be onto, but we now will pass the “HLT” and we have a
1-1 function.

This tells us that we have:
IN| = [0,00) N Q| = Rg

onto

Example 3.25 (a surjection R — N). f: R —— N defined by « — ||z|] + 1. For instance 0 — 1,
m—4,43—5 1— 2.
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Exercise: Can you find f : (0, 1] % (0,1) to show that |(0,1]| ={(0,1)|?

Example 3.26. f:w%N,nr—)n—kl (0—1, 1—2, 2+ 3,...) shows |w| = |[N|] = Ny.
onto

Notation Detour: Consider a (partial) function f : A — B (i.e., f C A x B and f satisfies the VLT.)
Input Domain of f = A

Domain of f ={x € A| (Jy € B)((z,y) € f)} = Dom(f) *

f is a total function when Dom(f) = A (and we write f : A — B)

Codomain of f = B = Cod(f)

Range/Image of f ={y € B| (3z € A)((z,y) € f)} = Range(f) = Im(f) *

Graph of f is the set of all ordered pairs in the function (often denoted just by f)

* In the definition of Dom(f) and Range(f), we are referring to the graph of f.

Technicality: Two functions may have the same graph, but not be the same,

i.e., exactly the same ordered pairs but either the input domains differ, or the codomains differ (or
both differ).

Examples:

e f1:R—R withz+— /x

o fo:R —10,00) with  — /z

o f3:]0,00) = R with  — /2

o f1:]0,00) = [0,00) with & +— \/z

f1, f2, f3 and f4 all have the same graph, but are different functions.
Domain Restrictions: Consider a (partial) function f: A — B and a set C.

We can “create” a new function f|c by “restricting the domain of f to C”:

e fle:(ANC)— B (New Input Domain)
o The graph of f|¢ is given by: flc ={(z,y) € f |z € C}

(We make the domain smaller to only include values in C'.)

Example 3.27. Consider f : R — R defined by x — 22 for all x € R.

-10 -5 0 5 10 -10 -5 0 5 10

[ (original function). flz: the restriction of f to the integers, shown as
points (n,n?) with n € {-3,...,3}.
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S

-10 -5 0 5 10 -10 -5

flio,00)- fl=1,2-

Note: C need not be a subset of A. If C' has “extra” values/values not in A, they are ignored.

E.g., let g : w — Z be defined by n ~— (—=1)" - n? for all n € w.

={(0,0),(1,-1),(2,4),(3,-9), (4,16),(5,—25),... }
g[N ={(1,-1),(2,4),(3,-9), (4,16), (5,—25),... }
9li—s,-3012) = {(0,0),(1,-1),(2,4)}
9|{...,750,740,730,720,710} =0
9l—a5 = {(0,0),(1,-1),(2,4), (3, -9), (4,16), (5, -25)}
9|(2,3) =10
9|(2,4) ={(3,-9)}

Set Images: Consider a (partial) function f: A — B and a set C.

The image of C' under f is defined to be the set of all “output” values when elements from C are
“inputted” into f:

{yeB|(ErcC)((zy) € f)}

This is just Im(f|c).
Notation: The image of C under f is denoted by: f”C

f'C=Tm(flc) ={y € B| 3z € C)((x,y) € f)}

Example 3.28. Consider f : R — R defined by = ~ 2?2 for all z € R.

£710,2,4,6} = {f(0), f(2), f(4), £(6)} = {0,4,16,36}
f"{=2,-1,0,1,2} = {f(=2), f(=1), £(0), f(1), f(2)} = {0,1,4}

(-
f(1,5] = Im(f| 15]) (1,25]
£"(=2,3) = Im(f|(~23) = [0,9)
(=3, —1] = Im(f| - _1]> [1,9)
ff{i+i1—i} =0
f"0=0

The image of a set is always defined; f(i) is undefined here, so f"{i} = 0.
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-10 -5 5 10

Figure 3.9: f”(—3,—1] =[1,9): the inputs (=3, —1] (green, on the z-axis) are sent to the outputs [1,9) (blue,
on the y-axis).

fR=R, z~ 22

Graph of f = {(2,4),(3,9), (—1,1), (m,7%), (v2,2),...}

fli2.-1012) = {(=2,4),(=1,1),(0,0), (1,1),(2,4)}
Dom(fl{—2,-1,01,2y) = {—2,-1,0,1,2}
f{=2,-1,0,1,2} = Im(f|{—2,-10,1,2y) = {0, 1,4}
Why the notation matters: let g : {0, {0}} — R with g(0)) = 17 and g({0}) = 7. Then
Jg'0=0 (nothing in () to plug in)
g"{0} ={9(0)} = {17}

so g(0) # ¢"0 and g({0}) # ¢"{0}: “plugging in” a set and “taking the image of” a set are different
operations.

Consider f : A — B and a set C. We denote the image of C under f by either Im(f(C)) or f”C.
Sometimes people write f(C'). This notation can be problematic.

Consider a function whose input domain consists of sets which is defined by:
A— AU{A}. (S(A)=AU{A})
S@)=0uU{0} ={0}
S{0}) = {0} u {{0}} = {0,{0}}
SHO,{03}) = {0, {03} U{{0,{0}}} = {0, {0}, {0, {0}}}
S"0 =10
S0} = {50} = {{0}}
S™{0.{0}} = {S(®), S{0})} = {{0}, {0, {0}}}

Notice:

S(0) # S"0
S({0}) # s"{0}
SH0,{0}}) # S"{0,{0}}

60



Proofs in Metric Spaces and Analysis Module 3

1" C is defined for every set C (if C is not a set, undefined).

f(C) is defined for every C' € Dom(f) (if C' ¢ Dom(f), undefined).
Concerning Domain Restrictions & Changing Codomains

If f: A— B is a partial function, f|qom(s) : dom(f) — B is a total function.
If f: A— B is a function, we can find some set A C A such that

fli: A — B is an injection.

E.g. f:R — R, defined by z +— 22 for all 2 € R.

flio,00) : [0,00) = R defined by z 22 for all x € [0,00) is an injection.

If f: A— B is a function, we can change the codomain to create a new function
f:A onto, Im(f) that is a surjection.

E.g. f:R — R, defined by z + 22 for all z € R

f:R onto, [0,00), defined by = + 22 for all x € R is a surjection.
Comment: Let f: A — B be a function. Range(f) = Image(f) = f"A.

(If f: A— B, Range(f) =Im(f) = f"A = f"dom(f).)

Inverse Set Images

Let f: A— B, and let C be a set.
The inverse image of C' under f is denoted by f~1(C) and is defined by:

FHO)={z e A| By € O)((z,y) € )}

“Idea™ f~1(C) is the set of all values in the domain of f that map to something in C.
“Notes™ f~1(C) is defined for every set C' (only undefined if C is not a set)

f71(B) = f~!(Range(f)) = Dom(f)
Example 3.29. Consider f : R — R defined by x — 22 for all x € R.

F{4,5)) = {-V5,-2,2,V5}
F1{~=1,0,2}) = {—v/2,0,V2}

)
)
FH{—4,-5,-6}) =0
F71([=2,3) = [-V3,V3]
FH=4,-2) =0
FHL4) = (-2,-1JU1,2)
F7H(0,7)) = [=V7,0) U (0, V7]
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More examples (same f):
f{-2,1,2,3} = {1,4,9}
f({0,1,36}) = {~6,-1,0,1,6}
f_l({_27 _1’ 07 17 27 3}) = {—\/37 _\/Ea _17 07 17 \/ia \/g}

FH{=5,-3}) =10
f(0) is undefined (# ¢ Dom(f))
f"0=10

(The class notes write the inverse image as f~'”C, to match the f”C notation.)

6

Figure 3.10: f~1([1,4)) = (=2,-1] U[1,2): the outputs [1,4) (blue, on the y-axis) come from the inputs
(=2,-1]U[1,2) (green, on the z-axis).

Aside: why 0.9 = 1 (this came up when discussing non-unique decimal expansions):

x=0.9
10z =9.9
x=0.9
9r =9
9
:7:1
YT
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Exercises

1. Show that F' : Q — R “defined” by ¢ + a + b does not satisfy (ii), (Va € A)(Vby € B)(Vby €
B)[((a,b1) € F A (a,b2) € F) = by = by, and thus is not a function.
Answer
The same rational number has many names. For example % = %, but the “rule” gives 1 4+ 2 = 3 for
the first name and 2 + 4 = 6 for the second. So both (3,3) and (3,6) are in F while 3 # 6, which
violates (ii). The rule is not “well defined” on Q.

2. Prove that f: R\ {7} — R\ {5}, z +— 22=2 s a bijection (the “onto” half was done above; do the

=7
%117 half).
3. Find f”[-1,2) and f~1([-4,1)) for f: R = R, x + 22,
Answer

f"[-1,2) = [0,4) and f~1([-4,1)) = (—1,1).
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Chapter 4

Module 4: Towards the Definition of a
Limit

Consider the function f: R — R defined by

(For o # 3, £=9 = wBE=3) _ 4, 4 3

—10

Figure 4.1: y = f(x). The dashed box is (1,5) x (4,8): inputs from the open interval (1,5) about 3 land in
(4,8), except for f(3) =09.

Notice that:

Im(f[1,5) = f"(1,5) = (4,8) U {9}
— (1,5) = (3 — 2,3+ 2) is an (open) interval about 3.

Goal: We want to create/find a definition of the limit, i.e., we want to find a predicate/formula
©lim(f, a, L) which will be true exactly when lim,_,, f(x) = L.

Notice that we can “remove” 9 from the image by excluding 3 from the set we are finding the image of:
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Im(f[1 50 33) = f7((1,5) \ {3}) = (4,8) \ {6}
(1,5) \ {3} is a “punctured” open interval about 3.

Notice that (4,8)\ {6} C (4,8) and (4, 8) is an interval that contains 6, the value that we would like to
be the limit as z — 3.

Some intervals from class (for L = 4, which will turn out not to be the limit): Player I (see the
game below) might play (2,6) (e = 2), (3,5) (e =1) or (3.9,4.1) (e = 0.1); Player II might answer
with (2,4)\ {3} (d =1) or (1,5) \ {3} (d =2).

I’'m going to describe a “game” for a number L.
In this game, there are two Players: 1 & II, and Player I always goes first.

I plays an open interval about L, i.e., an interval of the form (L — e, L + ¢) for some positive (real)
number e.

IT plays a “punctured” open interval about 3, i.e., an interval of the form (3 —d,3 4 d) \ {3} for some
positive (real) number d.

Player II wins the game if f”((3 —d,3+d)\ {3}) C (L —e,L+e).
Example Game #1: (L =9) Player I gives/plays (9 —4,9+4) = (5,13)
Player IT Attempts: f”((1,5) \ {3}) = (4,8) \ {6} £ (5,13) (d=2)

@2\ {3}) = (5, 7)\ {6} € (5,13) (d=1)

Player II can play to win!

(If Player II uses any d € (0,1), they’ll win)

Example Game #2: (L = 9) Player I gives/plays (9 —1,9+1) = (8,10)

Player IT Attempts: f”((1,5) \ {3}) = (4,8) \ {6} € (8,10) (d = 2)

(2, 9\{3}) = (5, 7)\ {6} £ (8,10) (d=1)

Notice that as Player II decreases d, the image will stay disjoint from (8, 10), so the image will never
be a subset. As d increases, the image will still have values that are not in (8, 10).

Player II can’t play to win.

Example Game #3: (L = 6) Player I gives/plays (6 — 1,6 +1) = (5,7)

Player II can play (2,4) \ {3} to win:

S9N {3 = (6, 1)\{6} < (5,7)

Example Game #4: (L = 6) Player I gives/plays (6 — 0.01,6 + 0.01) = (5.99,6.01)

Player II can play (2.99,3.01) \ {3} to win:

£7((2.99,3.01) \ {3}) = (5.99,6.01) \ {6} C (5.99,6.01)

Notice that in the games where L = 9, Player I could play to win (in Game #2), by making e small
enough. However, when L = 6, no matter how small Player I made e, Player II could make d small
enough to still win. It turns out that for any other value of L (other than 6) Player I can win (This
will actually give us lead us to a definition of the limit.)
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Figure 4.2: The limit game with L =6, e = 1 and d = 1: Player I's band (L — e, L + e) (blue, horizontal) and
Player II’s punctured window (3 — d,3 4 d) \ {3} (green, vertical).
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Play the game yourself: To explore, try L = 9 and L = 6 in the web edition. Player I picks L and e
(the blue horizontal band is (L — e, L + €)); Player II picks d (the green vertical band is the punctured
interval (3 —d,3+d) \ {3}). Player II wins when the orange graph over the green band stays inside
the blue band.

“No matter what Player I chooses for e, Player II can find a d such that f’((3 —d,3+d) \ {3}) C
(6 — e, 6 + €)” determines who “wins” the game.

Let ©iim(f,3,6) be the formula/predicate:

“For every positive value of ¢, there exists a positive value of ¢ such that f”((3 — 4,3+ )\ {3}) C
(6 —€,64¢€)”

We can more formally write this as follows: (Using € (epsilon) for € and ¢ (delta) for 0)
(Ve > 0)(36 > 0)(f"((3 = 6,3+ ) \ {3}) € (6 — €,6 + €))(1m(/, 3,6))

Notation: (Ve > 0) is shorthand for (Ve € (0, 00))

(36 > 0) is shorthand for (36 € (0, 0))

Generalization:

(Ve > 0)(36 > 0)(f"((a — 8,a+ )\ {a}) € (L— e, L+ ) (prm(f.a, 1))

Unpacking the subset condition. Recall A C B iff (Va)(a € A= a € B). Also, a € f"((a —d,a +
9) \ {a}) exactly when oo = f(x) for some z € Dom(f) with € (a —d,a+ ) \ {a}. So

f"((a—6,a+d8)\{a}) C(L—¢L+e)
iff (Va)(a€ f"((a—6d,a+6)\{a}) =>aec(L—¢L+e))
iff (Vo € Dom(f))(z € (a—d,a+0)\ {a} = f(z) € (L—€,L+¢))
ff (Vz € Dom(f)\ {a})(|z —a| <d=|f(z) — L| <e¢).

1
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(If ¢ Dom(f) the antecedent is false, so the implication is true and such x cause no trouble.)

For the last step we used that for real numbers 3, A and b > O:

BE(A—bA+D) < A-b<f<A+b <= -b<f-A<b < |f—A| <.

In our “Limit Games”, Player I plays an interval around a value L, then Player II plays a punctured
interval around a value a. Player II wins if whenever we take x from II’s punctured interval, f(x) stays
in Player I’s interval. More symbolically, Player 11 wins if:

(Vz € Dom(f) \{a})(z € (a—d,a+6) = f(z) € (L—¢,L+e¢))

~
II’s interval I’s interval

(Removing z = a from consideration “punctures” II’s interval.)

We say that lim,_,, f(x) = L exactly when II can always play to win, no matter what Player I plays:

lim f(z) = L iff (Ve > 0)(36 > 0)(Vo € Dom(f)\ {a})(z € (a —d,a+0) = f(z) € (L—¢,L+¢))

T—ra

Plim (fvavL)

4.1 Playing the Game Algebraically

Let f(x) = (z — 5)%. We claim ¢y (f,5,0), i.e., that lim, .5 f(z) = 0. (f : R — R)
If this is in fact the case, Player II can always play to win.

Let’s say I plays e = 2. Player II needs to find/play a value § such that whenever x € (5—9,5+9)\ {5}
we have f(z) € (0—2,0+2).

We work backwards from what we want:

f(z) € (<2,2)

—2< f(z) <2

—2< (x—5)%2<?2

Any real squared is greater than or equal to zero. 0 < (z —5)? < 2

As (z — 5)% > 0, the square root is defined. 0 < |z — 5| < v/2 If |A| < B, then —B < A < B. Also:
VA2 = A

—V2<x-5<+2

5—vV2<ax<b5+2

ze(5-v2,5+V2)

This suggests that we can let § = v/2 (or any smaller value.)

(Recall: VA% =|A|, and |A| < B is equivalent to —B < A < B. E.g. |A| < 17 means —17 < A < 17.
Likewise |z — a| < § is equivalent to a — 0 < x < a + ¢.)

Generalizing: (Still consider f(z) = (z —5)%, a =5, L =0)
We know I will play some € > 0, with this information, let’s see if we can determine II’s play (6 > 0)

based off of what value I chooses for e.
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Again, we’ll work backwards from what we want:

f(z) € (—¢,0+¢)
f(z) € (=€)
—e< f(x) <e
—e<(z—-5)?<e
0<(x—5)?2<e
0<|z—5|<+e
—Ve<xz—5< e
5—vVe<z<b5++/e

Player II needs to use § = /e (or a smaller value) to win.

Comment: x € (a — d,a + J) is equivalent to |z —a| < J, and f(x) € (L — ¢, L + €) is equivalent to
|f(xz) — L] < €, so we can write @y (f,a, L) by:

(Ve > 0)(30 > 0)(Vx € Dom(f) \ {a})(|Jz —a] <6 = |f(z) — L| <e¢)

Now, consider

(@ =5)? ifz ¢z, ‘
f(x)_{es if x € Z. (f:R=R)

We will again claim ¢y, (f, 5,0).
We again will try to find II’'s move § for given moves ¢ > 0 that Player I makes.

Player I plays e = 1: Need: |f(z) — 0| < % (ie., f(z) € (0— 3,0+ 3))

DN | =

1
—5 < flx) <

For the “replacement”, we know we are excluding 5, but we’ll also want to make ¢ small enough not to
include 4 nor 6, as we only want to consider f(z) near x = 5, so that we only use (z — 5)2.

This means we’ll need § < 1.

With this restriction:

(\/g < 1, so this is fine!)
Player I plays € = 4: Need |f(z) — 0] < 4, ie. —4 < f(z) < 4.

Again, we’ll need to require 6 < 1 so that we only are using (z — 5)? (which is what f(z) is equal to
“close” to a = 5).
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—4 < (x—5)2<4
0<(z—-5)72%<4

0<|z—5 <2 = weneed 6 <2.

As we need 6 <1 and § < 2, we take the minimum, and we let 6 = 1 (or smaller).

Generalizing: Need |f(7) — 0| < ¢, ie. —e < f(x) < e. When § < 1, we will have f(z) = (z — 5)%

As § <1 and 0 < /e, we let 6 = min(1,/€) (or smaller).

—e<(z—5)72<e
0<(z—5)?2<e

0<|z—5|<+ve = 0< e

10

X

—— - ————

-4 = 0

| T

I
|
|
T
I
|

10 12 14

Figure 4.3: The graph of this f: the parabola (x — 5)? with the integer inputs sent to 6 instead (open circles
mark the missing parabola points). With § > 1 the window catches 4 or 6, whose value 6 may fall outside the

band. The figure shows e = 2 (blue band) and 6 = 1 (green window).

Proof Outline:

Proof:

Introduce the function f (Domain, Codomain, “rule”).

Let € > 0 be arbitrary.

Let 6 = ... (found in scratch work) = Work backwards from |f(z) — L| < ¢, to get |x — a| < 0.

d can be based on/depend on e.

Show/State ¢ > 0 (and is real). May need to set § equal to a minimum of multiple values.

Let x € Dom(f) \ {a} be arbitrary.
Assume/Suppose |z — a| < 4.

Show |f(x) — L| < e. = This will generally be the scratch work in reverse, or very similar with

explanations added.

“Hence, if |z — a| < ¢, then |f(x) — L| < €”
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o “As x was arbitrary, for all x € Dom(f) \ {a}, if |[r —a| < 0, then |f(x) — L| < €”

o “Asd > 0, there exists a 6 > 0 such that for all z € Dom(f)\ {a}, if |z —a| < §, then |f(x) — L| < €”

o “As € > 0 was arbitrary, for all € > 0, then exists a 6 > 0 such that for all z € Dom(f) \ {a}, if
|x —a| < 4, then |f(x) — L| < €”

o “Therefore, lim,_, f(x) = L.

o QED/End Proof Symbol.

For f: R — R, defined by f(z) = (z — 5)2, we will prove lim, .5 f(z) = 0.
Proof. Let f: R — R be the function defined by f(x) = (z —5)? for all z € R. Let ¢ > 0 be arbitrary.

Let 6 = v/e. As e > 0, we have that § > 0. Now, let € R\ {5} be arbitrary. Suppose |z — 5| < 4.
Now:

0< |z —5|<+e

0<(z—-5)2%<e.

As (z —5)2>0, |(x — 5)?| = (x — 5)2, so we have:

l(z—5)? <e

(x —5)?—0| <e

[f(z) = 0] <e.

Hence, |f(x) — 0| < e. Thus, if |z — 5| < 4, then |f(x) — 0] < e. As x was arbitrary, for all x € R\ {5},
if [x — 5| < 4§, then |f(z) — 0] < e. As § > 0, then exists a § > 0 such that for all z € R\ {5}, if
|x — 5] < §, then |f(xz) — 0] <e. As € > 0 was arbitrary, for all € > 0, there exists a 6 > 0 such that for
all x € R\ {5}, if |z — 5] < J, then |f(z) — 0| < e. Therefore, lim,_,5 f(x) = 0. O

Recall that pum(f,a, L) is the predicate:

(Ve > 0)(30 > 0)(Vz € Dom(f) \{a})(|Jz —a| < d = |f(z) — L| <e)

We write lim,_,, f(z) = L exactly when @y (f,a, L) is true.

Warm Up: We will prove that lim, ,1(2z+7) =9. (f(z) =224+7, f: R = R)
“Scratch Work”: |f(z) — 9] < e (work backwards)

|2z +7)—9| <e

|22 — 2| < €

2z -1 <e

|z — 1| < ¢/2 (We set 6 = ¢/2)

We can now write the proof.
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Proof. Let f:R — R be the function defined by f(z) = 2x 4 7 for all real values of z.
Let € > 0 be arbitrary. Now, let 6 = ¢/2. Notice that as e > 0, we have ¢ > 0.

Now, let x € R\{1} be arbitrary, and suppose |z — 1| < §. Now:

|z — 1| <€/2

2z -1 <e

|2z —2| <€

|2z +7)—9| <e

@) =9l <e.

Hence, we have |f(z) — 9] < e. Therefore, if |x — 1| < §, then |f(z) — 9] < e. As z was arbitrary, for
all z € R\ {1}, if |z — 1] < 0, then |f(z) — 9] < e. As § > 0, there exists a § > 0 such that for all
x € R\ {1}, if [x — 1] < 4§, then |f(z) — 9| < e. As € > 0 was arbitrary, for all € > 0, then exists a § > 0
such that for all z € R\ {1} if | — 1| <, then |f(z) — 9] < e. Hence, we have lim,_; f(z) =9. O

Now, consider f : R — R defined by

2w +7 ifx#l,
f(w) = {23 ifz=1.

Here, we still have that lim,_,; f(z) = 9, and the proof is almost identical:

e When we introduce the function at the start, we would introduce this function instead.
o In the “calculation” portion, after we have |(2z + 7) — 9| < ¢, we would note that as = # 1,
f(z) =2z + 7, so that we can write |f(z) — 9] < e. (Recall z € R\ {1} was arbitrary, so x # 1)

Now consider f : R — R defined by

—5)2 j
. (x—5)° ifx¢Z,
9 itz e Z.

We will show/prove ¢y (f, 5,0), i.e., lim,_5 f(z) = 0.
Logical Form: (Ve > 0)(36 > 0)(Vz € Dom(f) \ {5})(|lx — 5| < = |f(x) — 0| <¥¢)
Previously: If we just had f(z) = (z — 5)2, we needed to set § = \/e. This won’t quite work for us here.

Recall the “game”: If Player I plays € = 4, Player II will need to find a value of ¢ that will keep the
function values in (0 — 4,0 + 4), i.e., between —4 and 4.

If II plays /e = V4 = 2, we are keeping x between 5 —2 = 3 and 5 + 2 = 7, i.e., in the interval:
3,7\ {5}.

This will be fine for any x that is not an integer, however, notice that if x = 4 or z = 6, we have
f(z) =9, which is not in (—4,4).

(So Player II would lose)
Instead, Player II needs to make § small enough to avoid these values.

As long as Player I keeps 6 < 1, there will be no other integers in (5 — §,5+ 9) \ {5} so the case when
x € Z won’t come up, and we just will have f(z) = (z — 5)2.
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Figure 4.4: With e = 4 (blue band) and § = /e = 2 (green window), the integers 4 and 6 are inside the window
but f(4) = f(6) =9 is outside the band, so Player II loses. Shrinking to § < 1 avoids this.

Key Fact: The minimum of a collection of values is less than or equal to each of the values:

min(a,b,c) < a, min(a,b,c) <b, and min(a,b,c)<ec.
(E.g. min(1,3,2,17) = 1, which is <1, < 3, <2 and < 17.) We will also use that if a < b and b < ¢,
then a < c.
Also, when Player II is playing a ¢, any value less than a “winning” ¢ will also win.

In our case, we will set § = min(y/€,1). (Note: A min. of positive numbers is positive.)

Proof. Let f: R — R be the function defined by

J(@—-5)? ifzéz,
f(x)_{g itr ez

Let € > 0 be arbitrary and let § = min(y/€,1). As € > 0, we have that § > 0, as both /e > 0 and 1 > 0.
Now, let © € R\ {5} be arbitrary, and suppose that |z — 5| < 6.

As § = min(y/€, 1), we have that 6 <1, so that |z — 5| < d <1 and |z —5| < 1.

From this, -1 <z —5<land 4 <z <6. Asx # 5 and 4 < z < 6, we have that = ¢ Z. Hence, we
have that f(z) = (z — 5)2.

Now, as § = min(v/€, 1), we also have that 6 < /¢, so |z — 5| < d < /e and |z — 5| < \/e.

Now:

0<|z—5|<+e
0<(z—-5)72<e
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As (x —5)2>0, |(z — 5)?| = (x — 5)2, so we have:

(z—5)%| <e

|(z —5)% 0| < e

As we found f(z) = (z — 5)2, we have that |f(z) — 0| < e. Thus, if |z — 5| < 6, then |f(z) — 0| < e.
As x was arbitrary, for all z € R\ {5}, if |x — 5| <, then |f(z) — 0] < e.
As e > 0, there exists a § > 0 such that for all z € R\ {5}, if |x — 5| < 4, then |f(z) — 0] < e.

As € was arbitrary, for all € > 0, there exists a § > 0 such that for all z € R\ {5}, if |z — 5| <, then
|f(z) — 0] <e

Therefore, lim,_,5 f(x) = 0. O
Example 4.1. Consider f: R — R defined by
722 4+6 if x>0,

flx) =q3lz+2| ifx<O0,
8 itz=0.

-15 -10 5 H 0 5 10

t

Figure 4.5: y = f(z): the four parts of the domain are x < =2, =2 < 2 <0, x =0 and = > 0.

We will show ¢ (f, 0,6), i.e., lim,_,o f(z) = 6.
There are four different “parts” of the domain of f:
Cases:
o (i) x < —2

(i) 2<x<0
e (ili) 2 =0

(iv) x >0
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We choose = € R\ {0}, so this case won’t come up.
If we have ¢ < 2, we will have —2 < = < 2, so case (i) won’t be relevant.
(This means we will set § = min(2,...))

For case (ii): —2 <z < 0. Here: f(z) =3(x+2) as =2 <z < 0 impliesx +2 >0, s0 |z + 2| =z + 2.
Also, 0 <z +2< 2, s0

()= 6] <e
13(z +2) — 6] <e
|3z +6 — 6] <e¢
13z] < €
3lz| < e

|x—0|<§—>weneed5§ , 80 0 = min(2,

W

For case (iv): Here: f(x) = 722 + 6.
[f(z) —6] <e

722 +6 — 6] < ¢

|722] < €

7|22 < e

2% < £

2| < /%

We need: |z —0| < /§ = 6 <./5, 500 =min(2,§, /%)
Proof. Let f:R — R be the function defined by

722 4+6 if x>0,
flx)=¢3lz+2| ifz<0,
8 if x =0.

53
well, we have § > 0. Let € R\ {0} be arbitrary, and suppose |z — 0| < §. We will consider two cases,
either z < 0 or z > 0.

Let € > 0 be arbitrary. Define § = min(2, §,/<). As € >0, we have § > 0 and /< > 0. As 2> 0 as

Case 1: Suppose z < 0. As z < 0, we have that f(x) = 3|z +2|. As § <2 and |x — 0] < §, we have
that |z — 0| < 2 so that |z] <2 and —2 < 2 < 2. Hence, 0 < x +2 < 4. As z + 2 > 0, we have that
|z + 2| = 2 + 2, so that f(z) = 3(x +2). Also, as 0 < §, we have |z — 0] < g.

Now: |z —0] < §

3lz| <€
13z] <€

13z +6 — 6] <€
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13(x +2) — 6] <€

As f(z) = 3(x +2), we have |f(z) — 6] < e.

Case 2: Now, suppose x > 0. Thus, we have that f(z) = 722 +6. As § < \/g and |z — 0] < 6, we
have that |z — 0] < /5. Now:

722 46— 6] < e

As f(x) = 722 + 6, we have that |f(z) — 6] < e.

These cases are exhaustive, hence, |f(z) — 6] < e. Thus, if |x — 0] < §, then |f(z) — 6] < e. As z was
arbitrary, for all z € R\ {0}, if |z — 0| < 6, then |f(x) — 6] <.

As § > 0, there exists a 6 > 0 such that for all z € R\ {0}, if |z — 0] < 0, then [f(x) — 6] < e. As
€ was arbitrary, for all € > 0, there exists a 6 > 0 such that for all z € R\ {0}, if |x — 0] < ¢, then
|f(x) — 6| < e. Therefore, lim,_,o f(z) = 6. O

Example 4.2. Let f : R — R be defined by

2 .
L if x € Q,
0 ifzel.

For instance f(v/2) =0, f(0) =0, f(4) = 16, f(7) = 0 and f(v/9) = 9. We claim lim,_o f(x) = 0, i.e.
(Ve > 0)(36 > 0)(Vx € R\ {0})(|lz — 0] <6 =|f(z) — 0] <e).

Scratch work, by cases on z:

Case z € Q Casexz € P
[f(z) —0] <e [f(z) — 0] <e
|22 — 0] < ¢ 0—0] <e¢
2% < € 0] <€
|z| < /€ 0 <e (true: any § works!)
d = /€ (or smaller)

So § = /e works for both cases.
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Olim(f, a, L) iff (Ve > 0)(36 > 0)(Vx € Dom(f) \ {a})(|]z —a] <0 = |f(x) — L| <¢)

Let’s examine the function f : Z — Z defined by f(z) = 22 for all x € Z. (E.g. f(5) = 25, f(—2) =4,
f(1) =1, £(0) =0, while f(3) is undefined as 3 ¢ Z.)

10
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Figure 4.6: The graph of f : Z — Z, x + 2, is just the dots. The window (1.5,2.5) (green) contains no point
of the domain other than 2.

We'll take a look at the formula ¢y (f,2,4):
(Ve >0)(30 >0)(Ve e Z\ {2})(|lx — 2| < § = |f(z) —4] <e)
In the “Game”, if Player II plays any 6 < 1, |z — 2| < § will just be false:

lz—2| <1
-1l<z—-2<1
l<z<3

As z € Z \ {2}, there are no values of = which satisfy 1 < x < 3.
This makes the implication (trivially) true, so ¢im(f,2,4) is true.
For the same reasoning/logic, ¢um(f,2,17) will also be true.

Using our limit notation, we would write both

lim f(z) =4 and lim f(x) =17

z—2 r—2

We don’t want this sort of issue to come up, we want the limit to be well defined & unique.

The issue/problem in this example was that the punctured open interval (2 — 4,2+ 0) \ {2} was disjoint
from the domain of the function, i.e.,:

Dom(f)N(2—146,2+6)\ {2} =0(for 6 <1)

ZN(2—-6,240)\ {2} =0(for § <1)
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In other words, the issue is that we could find an open interval that isolates 2 from the domain of f.

Let’s consider a similar, but different function:

f:D =R, defined by x ~ 2 for all z € D

Where

1
D:ZU{er’mEZ,nGN}
n

Listing a few of the elements of D by m:

_ . 1 1
m=0: 135 3 1 5
_ 1 1 1 1
m = 2’ ]-§a 137 ]-Z’ 59
. 1 1
m:2 3, 25, 25, 21, 25,
_ . 1 2 3
m=—1: 0) T2y T3y T 4o
“Picture” of D:
1 05 0 05 1 15 2 25

Figure 4.7: Every integer m has the points m + % piling up on its right.

For example, zooming in near 1 and 2:

1 1 1
(09, 1.1)ND ={1, 14, 15, 14, ...}
(0.9,1.01) N D = {1, 137, 1585, 1igz> -~}
(1.4,1.6) N D = {1.5}
(2.19999, 2.20001) N D = {24}

Now let f : D — R be defined by = + 22 for all 2 € D. For this function ¢y, (f,2, L) will be true if
L = 4, but will be false for any L # 4:

» For L = 4, whatever Player I chooses for € > 0, Player II can “win” by playing 6 = min(2, §).
e For L # 4, Player I can find a value of € > 0 small enough that Player II cannot play to win.
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10

—————
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.,

-8 -6 -4 -2 0 4 6 10

Figure 4.8: Points of the graph of f : D — R near © = 2. As we make the e-window smaller, we will always
have infinitely many points in this window close to 2, and any/every §-window will have infinitely many points
of the domain: we cannot isolate 2.

Definition 4.3 (Accumulation point). Let D C R. We say that a € R is an accumulation point of D
iff

(Ve e R)(Vd € R)(¢ < a < d= (¢,d) N D is infinite).

Equivalent to:

|((¢,d) N D)\ {a}| is infinite

or

|((e,d) N D)\ {a}] = Ro

Definition 4.4 (Condensation point). Let D C R. We say that a € R is a condensation point of D iff

(Ve e R)(Vd € R)(¢c < a < d = (¢,d) N D is uncountable).

Equivalent to:

|((¢e,d) N D)\ {a}| is uncountable

or

[((e,d) N D) \ {a}] > No
Example 4.5 (Examples). Let D = (0,1] U {2}.
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2.5

ST

-0.5 0 0.5 1 15

Figure 4.9: The set D = (0,1] U {2} on the number line, with the endpoint 0 excluded and the point 2 isolated.

e —17: (—18,—16) N D = (), which is not infinite, so —17 is not an accumulation point of D.

e 0: (-1,1)nD =(0,1), (-0.1,0.1) " D = (0,0.1), (—0.01,0.01) " D = (0,0.01), ..always infinitely
many (in fact uncountably many) elements, so 0 is an accumulation point (and a condensation
point) of D.

e 0.5: (0.4,0.6) N D = (0.4,0.6) is uncountable, so 0.5 is an accumulation and condensation point of
D.

e 1: (-1,2)Nn D = (0,1], (0.001,1.1) N D = (0.001, 1], (0.9999,1.00001) N D = (0.9999, 1], ...so 1 is an
accumulation (and condensation) point.

o 1.5: (0.5,1.6) N D = (0.5,1] is infinite, but (1,2) N D = @ is not. As we need every open interval
about 1.5 to meet D in infinitely many points, 1.5 is not an accumulation point of D.

o 2: (1.9,2.1) N D = {2}, so 2 is not an accumulation point of D (even though 2 € D).

e 3:(2.9,3.1)ND =0, so 3 is not an accumulation point of D.

Example 4.6. Let D = {0, %, i, %, %, 1}. Then (0.249,0.251) N D = {%}, SO i is not an accumulation

point. In fact a finite set has no accumulation points.

Example 4.7. Let B = {0} U {n%rl | n € N} = {0, %,%,%,...}.

Figure 4.10: The set B = {0} U {%H | n € N}: the points 1, %,... accumulate at 0.

(—0.5,0.5) N B = {0, %, %, %, %, ...} is infinite, so 0 is an accumulation point of B. However this set
is countable: F: N — (=0.5,0.5) N B with 1 — 0 and n +— 25 forn >2 (2 £,3— 1,...) isa

bijection, so the intersection is countable, not uncountable. Hence 0 is not a condensation point of B.

Exercises. Find all accumulation points and all condensation points of:

1. (0,1)
2. D=(0,3)U(1,13)U(2,25)U(3,33) U (4,45)U...

Answer to 1

Every point of [0, 1] is both an accumulation point and a condensation point of (0,1) (including the
endpoints 0 and 1, which are not in the set), and no other real number is.
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With these “new” terms, let’s examine the sets Z and D =ZU{m+ 1 | m € Z,n € N} (both Z C R
and D C R).

In Z:

1.5 25
-0.5 0 05 1 15 2 25 3 35 4 45

Figure 4.11: The integers 0,1,2, 3,4 together with the open endpoints 1.5 and 2.5. The only point of the
domain in (1.5,2.5) is 2.

Notice 1.5 & 2.5 are both real, 1.5 < 2 < 2.5, but (1.5,2.5) N Z = {2} which is not infinite.

This tells us that 2 is not an accumulation point (nor a condensation point) of Z. For similar reasons,
no value will be an accumulation (condensation) point of Z.

In D:

The web edition lets you move ¢ and d; the static figure shows the window (c¢,d) with ¢ = 1.7 and
d=2.4.

0.5 1 1.5 2 25 3 35

Figure 4.12: The set D near 1, 2 and 3: the green points are m + % and the black points are 1, 2, 3. The
orange window is (¢,d) with ¢ = 1.7 and d = 2.4.

Here, no matter what values of ¢ & d are chosen with ¢ < 2 < d, there will be infinitely many points in
(¢,d) N D (specifically the points will be to the right of 2).

This tells us that 2 is an accumulation point of D. Similarly, every integer will be an accumulation
point of D.

(Still Examining D) Zooming in on (1.9,2.3):
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[
| =
b 1o

+
ot [

0.5 1 15 2 2.5 3 3.5

Figure 4.13: Zoom of D on (1.9,2.3): the points 2% accumulate at 2 from the right.

If we were to choose ¢ = 1.9 and d = 2.3 (1.9 < 2 < 2.3), we can define f : N 1 ((1.9,2.3)Nn D) \ {2}

onto
as follows:

1—2-
2 — 2=
3— 2=

4 — 2=

n— 2

n+3
As this function is a bijection, ((1.9,2.3) N D) \ {2} is denumerable / countable.

This tells us that 2 is not a condensation point of D. (In fact, every integer in D is not a condensation
point).

Also notice that any non-integer value in D will not be an accumulation point.

Example 4.8. [e, 7]. Every point of [e, 7| (e.g. 2.8, 3, 3.1) is an accumulation point, and so are the
endpoints e and ; the set of accumulation points is [e, 7] (these are also all condensation points).

Definition 4.9 (Adjusted/Fixed). Let D C R and F C R. Also, let f: D — E and suppose a € R is
an accumulation point of D. Then:

©lim(f, a, L) iff (Ve > 0)(35 > 0)(Vx € dom(f) \ {a})(|]z —a| < d = |f(x) — L| <€)

With this additional requirement that a be an accumulation point of the domain, we avoid the issue of
the antecedent being always false.

Theorem 4.10. Let D C R, E CR, f:D— E, and let a € R be an accumulation point of D. Also,
let LeR and L € R.

If (Plim(f) a, L) and Splim(fa a, i’)} then L = ﬁ

We will prove this theorem. This theorem tells us that the limit is unique (if it exists).

Another way to say it: Let D C R. A value a € R is an accumulation point of D iff

(V8> 0)(((a—B,a+ B)N D)\ {a} is infinite),
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i.e., there are infinitely many points from D in the interval (a — /3, a + ), no matter how small 8 > 0 is.

Figure 4.14: The interval (a — ,a + ) around a.

E.g. Consider D = Q, a = w. Then (m — 1,7+ 1) N Q = (2.141...,4.141...) N Q is infinite
([((m=1,7+1)NQ| > Ry), and so is (mr — 0.1,7 + 0.1) N Q, etc. So 7 is an accumulation point of Q
(but not a condensation point, as Q is countable).

Set-up for a proof by contradiction. The theorem has the form “(A A B) = C”, call it ¥. We will
prove ¥ by contradiction: ¥ is equivalent to (=¥ = (D A —=D)), and =¥ is =((A A B) = C), which is
equivalent to (A A B) A =C. So we assume A, B and —C.

Two small facts we will use: if a # b then |a —b] > 0 (e.g. |2 — 7| = 5); and ¢m(f,a, L) lets us
pick any € > 0 and get a corresponding 0. For example, for ¢ = 15 there is a d1(15) > 0 such that
(Vz € D\ {a})(Jxr — a|] < 0r(15) = |f(x) — L| < 15); for € = 0.02 there is a d1,(0.02) > 0 such that
(Vz € D\ {a})(Jz — a| < 6.(0.02) = |f(z) — L| < 0.02); and so on for € = 0.0000001 or € = %|L — L.

Logical Form of the Theorem

(VD C R)(VE C R)(Vf € EP)(Va € Ace(D))(VL € R)(VL € R) [(%m(ﬁ a, L) A guim(f, a, ﬁ)) = L= ﬁ}

Shorthand: (VD C R)(VE C R) means (VD € P(R))(VE € P(R)). Acc(D) is the set of all accumulation
points of D. EP is the set of all functions with domain D & codomain E.

Recall the equivalences: —(A = B) and (A A —-B) and: C and (-C = (D A —D))
We will do this proof by contradiction, so we assume:

ie.:

- [(%im(f, a, L) A smim(faavﬁ)) = L= ﬁ}

K(th(fa a, L) A oim(f, a, ﬁ)) AL # IZ}

And then, we will produce a contradiction: “(¥ A =W)”
“Idea” of the Proof:
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Figure 4.15: For ¢ = |L — L| the e-windows around L and L (shaded) are disjoint. Over the smaller of the
two d-windows, f(z) would have to be in both bands, which is impossible.

For a given ¢, there will be § & § windows that keep the function inside the windows around L & L.

If the windows around L & L are disjoint, and there are values in the domain in this 8, windows we’ll
have a contradiction (each corresponding point would need to be in both windows).

In our proof, we will be assuming the following (for a contradiction):

i) limg—yq f(z) = L: (Ve > 0)(30 > 0)(Vx € dom(f) \ {a})(Jr —a] <6 =|f(x) — L| <€)
ii) limg_sq f(x) = L : (Ve > 0)(30 > 0)(Vz € dom(f) \ {a})(|z —a| < 8 = |f(z) — L| <€)
i) L # L

We have these “facts” to work with (we’re assuming these); we don’t need to show them.

For (i) & (ii), this means that we can choose any € > 0, and we can state that there is a corresponding
d (for each L & L).

In the proof we will use an € > 0 that is small enough to make sure that the e-windows don’t overlap.

Proof. Let D C R and F C R be arbitrary sets and let f : D — E be an arbitrary function. Also, let
a be an arbitrary accumulation point of D. Finally, let L and L be arbitrary real numbers.

We will show that if lim,_,, f(2) = L and lim,_,, f(z) = L, then L = L.

Towards a contradiction, suppose lim,_,, f(z) = L, lim,_, f(x) = L, and that L # L.

As L # L, we have that |L — L| > 0.

Define & to be 1|L — L], ie., &= 1L — L|. Note that as |L — L| > 0, we have that & = 1L - L] >0.
Since lim,_,, f(z) = L and lim,_,, f(z) = L, we have that:

(Ve > 0)(3or, > 0)(Vx € D\ {a})(|Jxr —a|] < oL = |f(z) — L| <€), and

(Ve > 0)(36; > 0)(Vz € D\ {a})(|z —a| < d; = |f(x) — Ll <e).

In particular, as € > 0, there exist d; > 0 and d; > 0 such that:

(Vzx e D\ {a})(Jxr —a| < oL = |f(z) — L| <€), and (1)
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(Vx € D\ {a})(Jx —a| < 0; = |f(x) — Ll <&). (2)
Let 6 = min(0z,d;). Then, as 6, > 0 and §; > 0, we have that 6 > 0.

Since 0 > 0 and since a is an accumulation point of D, we have that ((a —d,a+0) N D)\ {a} is infinite,
so that there is some Z € ((a — d,a +6) N D)\ {a}. As 6 = min(dr,d; ), we have § < 07 and § < §; so
that:

(a—d,a+6) C(a—0dp,a+0dr), and
(a—d,a+0)C (a—0d;,a+0;).
From this, and as & € ((a — d,a+ ) N D) \ {a}, we have that:
z € ((a—9dr,a+dr)ND)\{a}, and
aﬁe((a—éi,a—l—éi)ﬂD)\{a}.
Hence, we have that Z € D\ {a} and that |2 —a| < dr and |Z —a| < §;.

By (1) and (2), we have that |f(Z) — L| < & and |f(2) — L| < &. (3)

Now:

IL—Ll=|L—f(@)+f(@)-L
< |L — f(&)| + |f(&) — L|(By the Triangle Inequality)
=|f(&) — LI+ |f(2) - L]
<e+é

M By @))(As 2 = {10 - 1)

Now, |[L—L| < %\L—ﬁ\, so that %]L—[:] <0,and |L—L| < 0. As |L—L| > 0, we have a contradiction.
Hence, if @im(f,a, L) and @im(f, a,i}), then L = L.

As DE,f : D = FE,a,L and L were arbitrary, for all D C R, E C R, f: D — E, and for all
accumulation points a of D and any real numbers L and L, if ©lim(f, a, L) and @y (f, a, L), then
L=1L. O

(The last step in detail, with A = |L — L|:)

A 1 ~
IL—Ll<glL-1L|

1
A<§A
1
A—§A<O
(1-3a<o
2
1
5A<0

The triangle inequality |A + B| < |A| + |B| in examples (equality when A and B have the same sign,
strict inequality otherwise):
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247 = 12[+ 7]
[(=2)+ (=D =[=2[+]-7]
2+ (=D < 2[+]-7]
[(=2) + 7] <|=2[+ 7]

4.2 Worked example: lim, ,, 2% =4

Let f: R — R, f(x) = 2. We want, for a given € >0, a § > 0 with |z — 2| < § = |f(z) — 4| < e.

Scratch work:

[f(z) —4] <e

|z — 4] <€

|(z —2)(x+2)] <e

|z —2||z+2] <e
€

r—2 < —
| | |z + 2|

The problem: the bound @ depends on x, and § may only depend on €. The fix is to first insist that

d <1, which controls |z + 2|:

z-2|<1l = —-1<2—-2<1 = 3<2+2<5 = |z+2|=2+2<5.
Then |z —2[[z + 2| < 5]z — 2|, so it is enough to also have |z — 2| < £. We let § = min(1, £).

Proof. Let f: R — R be the function defined by f(x) = 22 for all z € R. Let € > 0 be arbitrary and
let 6 = min(1,£). As1>0and £ > 0, we have 6 > 0. Let z € R\ {2} be arbitrary and suppose
lt —2| <d. Aso<1,|z—2/<1l,s0-1<z—-2<1land3 <az+2<5. Hencez+2>0,so
lv+2/=2+2<5 Asd< £, [ —2[ < £ Now:

f@) -4l =]a” — 4= |z 2]z +2| < -5 =<

Hence, |f(x) — 4| < e. Thus, if |z — 2| < §, then |f(x) — 4| < e. As x was arbitrary, for all z € R\ {2},
if |z — 2| < 6, then |f(x) — 4] < e. As § > 0, there exists a 6 > 0 such that for all x € R\ {2}, if
|x — 2| < 0, then |f(x) — 4| < e. As € > 0 was arbitrary, for all € > 0, there exists a § > 0 such that for
all x € R\ {2}, if |z — 2| < §, then |f(z) — 4] < e. Therefore, lim,_,o f(z) = 4. O

€

Other valid choices (from class): restricting to § < 2 gives 2 < x4+ 2 < 6, so 0 = min(2, §) also
works; restricting to § < % gives % <zx+2< %, so § = min(3 %) works too. There are many winning

29
moves for Player II.
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Chapter 5

Module 5: Limit Properties

Example 5.1. Let f: R — R be the function defined by f(z) = 22 for all z € R. Let g : R — R be
the function defined by g(x) = 2? for all z € R.

We can show that ¢y (f,2,4) and @um(g, 2,8), i.e., that

lim f(z) =4 and limg(x) =38
T—2 T—2

(For a given € > 0, 6y = min(1,¢/5) and d, = min(1,e/19) will work in the proof of the above limits).

Question: Can we use this information to determine lim,_,o(f(z) + g(z)) ?
Can we use 05 & d4 to find the J for this “sum” limit?

From graphing (& our knowledge concerning limits) we should get that:
lim (£ () + g(x)) = lim f(x) + lim g(x) = 4+ 8 = 12.
Definition 5.2. Suppose we have D C R and £ C R, and functions f: D - Fand g: D — F.
We define a function f + g as follows:
(f+9):D—=E
where:  — f(z) 4+ g(x) for all x € D
or: (f +9)(@) = f(z) + g(x)

With this notation: We should have lim,_,o(f + g)(z) = 12
Idea: |(f + g)(z) — 12| < ¢ = This is what we will need.

[(f +9) (@) = 12[ = [f(2) + g(2) — 12| = |(f(z) — 4) + (9(x) - 8)]

< |f(xz) — 4] + |g(x) — 8| (Triangle Inequality)

If we have |f(x) — 4| < €/2 and |g(z) — 8] < €/2, then this “|f(x) — 4| 4 |g(x) — 8]” will be less than
€ + S €.
272

This is what we need!
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We know that lim,_,o f(z) = 4, so for any ¢ > 0, there is a 0y > 0 such that if |z — 2| < 0, then
|f(z) —4| <e.

As £ > 0, there is a corresponding d; > 0 such that if |z — 2| < &y, then |f(z) — 4] < s

Similarly, we know that lim, .5 g(z) = 8, so for any € > 0, there is a §; > 0 such that if |z — 2| < 4,
then |g(x) — 8| < e.

As § > 0, there is a corresponding 5Ag > 0 such that if |z — 2| < 59, then [g(z) — 8] < 5.
If § = min(dy, d,), then if |z — 2| < &, then both |z — 2| < d; and |z — 2| < 4.
From this, we have:

@) =4l <5 and |g()—8 <

Thus: I
£(@) =4l +lglw) — 8| < S+ S ==

Theorem 5.3. Let D CR, E CR. Also, let f: D — E and g: D — E be functions and let a € R be
an accumulation point of D. If L € R and M € R are such that lim,_,, f(z) = L and lim,_,, g(x) = M,
then

lim(f +g)(z) = L + M.

T—ra

Proof. Let D C R and E C R be arbitrary. Also, let f : D — E and ¢ : D — E be arbitrary functions.
Let a € R be an arbitrary accumulation point of D. Finally, let L and M be arbitrary real numbers
such that lim,_,, f(x) = L and lim,_,, g(z) = M.

We need to show that lim,(f + g)(x) = L + M, i.e., that

(Ve >0)(36 > 0)(Vz e D\{a})(|lx —a| <0 = |(f+9)(x) = (L+M)| <e)

Let € > 0 be arbitrary. As lim; ., f(z) = L and as § > 0, there is some 6y > 0 such that whenever
r € D\ {a} and |z — a| < dy, then |f(z) — L| < 5.

Similarly, as lim,_,, g(x) = M and § > 0, there is some J, > 0 such that whenever x € D\ {a} and
|z — a| < dy, then |g(x) — M| < §.

Let 6 = min(df,dy). As both 6 > 0 and §, > 0, we have § > 0.

Now, let € D\ {a} be arbitrary, and suppose |z —a| < d. As 0 = min(dy,d,), we have that § < dy
and 0 < d4, so that as |z — a| < §, we have both that |z — a| < d; and |z — a| < 4.
As |z —a| < 07, we have |f(z) — L| < €/2. Similarly, as |z — a| < 0,4, we have |g(x) — M| < €/2.
Now:

F@) LI+ [g(e) - M| < 5+ 5 =

By the triangle inequality:
[(f(z) = L) + (9(z) — M)| < |f(z) — L[ +[g(x) — M|.

Hence, we have:
[(f(z) = L) + (g9(z) = M)| <€
[f(z) +g(x) —L—-M[<e
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I(f +9)(x) — (L+ M)| < e

Hence, |(f + g)(x) — (L + M)| < e. Therefore, if |z —a| < §, then |(f + g)(z) — (L + M)| < €. As
x € D\ {a} was arbitrary, for all x € D\ {a}, if |[x —a| < 9, then |(f +¢g)(x) —(L+M)| <e. Asd >0,
there exists a 6 > 0 such that for all x € D\ {a}, if |x — a| <, then |(f + g)(x) — (L+ M)| <e.

As € > 0 was arbitrary, for all € > 0, there exists a § > 0 such that for all z € D\ {a}, if |z —a| < 4,
then |(f 4+ g)(z) — (L + M)| < e. Hence, we have that lim,_,(f +¢)(x) =L+ M. As D, E, f,g,a,L
and M were arbitrary, for any sets D C R and £ C R, for any functions f: D —+ F and g: D — F,
any accumulation point a of D and any real numbers L and M such that lim,_,, f(x) = L and
lim, .4 g(x) = M, we have lim,_,,(f + g)(x) = L + M. O

Example 5.4 (Why the domain matters). Let f,g : [5,00) — R with f(z) = v —5 and g(x) =
vV —5x. Then fg:[5,00) = R and

(f9)(@) = f(2) - g(z) = (Vo =5) (V& —5a) = (z - 5)z = 2* — 5u.
Even though the formula 22 — 52 makes sense at = = 0, (f¢)(0) does not exist: 0 ¢ [5,00) = Dom(fg),
and (fg)(0) would have to equal f(0) - ¢g(0), which is undefined.
A familiar use of the product rule for limits (which we are about to prove):
e = Gy m i)
=0-1
=0

The key idea for products will be to add and subtract L - g(x):
[f(x)g(x) — LM| = |f(z)g(x) — Lg(x) + Lg(x) — LM|
= lg(2)(f(z) = L) + L(g(z) — M)|
< lg(@)[f(x) = LI + L] |g(x) — M].

Definition 5.5. Suppose we have D C R and £ C R and functions f: D —- EF and g: D — E. We
define a function fg as follows:

(fg) : D — E where z — f(z)-g(x) for all z € D, or: (fg)(x) = f(z) - g(x).

(On the left, fg is the “new” function; on the right, f and g are the “old”/original /given functions.)
Our next goal will be to prove the following theorem:

Theorem 5.6. Let D CR, ECR andlet f: D — E and g : D — E be functions. Let a € R be
an accumulation point of D. Let L € R and M € R. Iflim,_,, f(x) = L and lim,_,, g(x) = M, then
limy,q(fg)(x) = LM.

As per usual, we will need to find ¢ such that if |z — a| < 0, then |(fg)(z) — LM| < €. In scratch work
we start here & work backwards to find § = d(e).

“Scratch Work”:

(f9)(@) — LM| = | f(x) - g(x) — LM]| (Def. of f9)
— (@) g(&) = L-g(x) + L - g(x) — LM|
— 9()(f(x) — L) + L(g(x) — M)|
< |g(@)| |f(z) = L| + |L| - lg(e) = M| (Triangle Inequality)
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Note: As lim,_,, f(x) = L, there is a §y > 0 such that if |z — a| < dy, then |f(z) — L| < € (for any
€>0). As lim,_,, g(x) = M, there is a §; > 0 such that if |z — a| < 0y, then |g(z) — M| < € (for any
e >0).

(1) We'll try to make |L| - |g(x) — M| less than §. As |L| < |L| + 1:

6 6
Ll|- — M| <(|L|+1 - M — ided - M _—
L1+ lgte) = M| < (1L + Dlg(e) = M < 3 provided lg(x) ~ M| < g

As m > 0, the limit lim,_,, g(z) = M gives us a §; = J, (W) that makes this happen.

(Dividing by |L| 4 1 rather than |L| avoids the case L = 0.)
(2) We'll try to get [g(z)]|f(z) — L] < 5.

We'll use a similar idea as in (1), but |f(z) — L| <
d¢ would as well).

W won’t work as this changes based on z (so

Instead: we will want |g(x)| < My, some positive constant. If we get this, then:

9

)| 17(@) ~ L1 < Myl (@) ~ D] < 5 provided |(2) L] < 50

As g3 > 0, we get dp = Oy (2579) from limg, f(z) = L.

Notice: As 1> 0, we can find a §; > 0 such that if |x — a| < &1, then ||g(z)| — |M]| < 1. In particular,
if |z — a| < 01, then |g(x)] < |M|+1 = M,.

v=glx)|

[ M-+ /

[M]

/]

ML
/ d, 7 a+ad,
2 -1 /( 3 1 5 7
| | | : | |

y = |g(x)| near a: for |x —a| < 0, the values |g(z)| stay between |[M|—1 and |M|+1, so |[g(z)| < |[M|+1 = M,.

o

(We will need to prove that if lim,_,, g(z) = M, then lim,_,, |g(x)| = |M|. For now, we will assume
this fact.)

“Idea” so far: We will three upper limits for §:

d <01 : Whenever |z — a| < 41, then ||g(z)| — |M]| <1
This will give |g(z)| < |M|+1
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9 £

<5p=6p(——"): - - —
d < éy 5f(2(’MH_1)) When ever |z —a| < df, then |f(x) L|<2(]M\+1)

This will give |g(z)||f(z) — L| < §

e 3

< = : — — - -
d < 6g = 04( ) : Whenever |z — a| < d4, then |g(z) — M| < 0L+

(L] + 1)
This will give |L||g(x) — M| < §
Putting this together: We let § = min(éy,6¢,dy). For |z —a| < §:

As |z — a| < 81, we have ||g(z)| — |M]| < 1,s0 =1 < |g(z)| — |M]| < 1, and |M| -1 < |g(x)| < |M|+1,
so |g(x)] < |M|+1.

As |z — a| < by, we have |f(z) — L| < gpzpy> so (M| + DI f(z) — L] < 5.

As |g(x)] < [M|+ 1, |g()|[f(x) = L] < (IM[+1)[f(x) — L|. Hence, |g(x)|[f(x) — L] < 5
As |z — a] < &y, we have |g(x) — M| < 5 IS (L] + D]g(z) — M| < 5.

As |L| < |L| + 1, |L||g(x) — M| < (|L| + 1)|g(x) — M|. Hence, |L||g(z) — M| < 5.

(We will prove “if lim,_,, g(z) = M, then lim,_,, |g(z)| = |M|” below.)

Putting this together: as |g(x)f(z) — LM| = |g(x)f(z) — Lg(z) + Lg(z) — LM| < |g(x)(f(z) — L)| +
|L(g(x) — M)| (by the triangle inequality), we have:

l9(@)f (@) — Lg(x) + Ly(a) — LM| < |g(@)| |f (&) = L| + |Ll lg(a) — M| < 5 + 5 =
F(e)gle) — LM| < e
(Fg)(@) — LM] <.

For the proof: Set-up/introduce D, E, f and g. Introduce a, L, M. Assume lim,_,, f(x) = L and
lim,_,q g(z) = M. Let € > 0 be arbitrary.

 Use these assumed limits to define 67 (for W), dg (for m), and 97 (for 1).
e Set 0 = min(dy,dy,01) and explain why 6 > 0.

o Let 2 € D\ {a} be arbitrary and suppose |z — a| < .

o Show |(fg)(x) — LM| < e. (Using the above arguments)

o Conclude the proof (building back up to quantified statement).

Proof. Let D CR,E CR. Let g: D — FE be a function and let @ € R be an accumulation point of D.
Also, let M € R and suppose limg_, g(z) = M.

We will prove that lim,_,, |g(z)| = |M]|.

Let € > 0 be arbitrary. As lim;,g(z) = M, there is a 0 > 0 such that for any z € D\ {a}, if
|z —al <4, then |g(z) — M| <e.

We will consider three cases.

Case 1: Suppose M = 0. Then, let § = 4. As 6>0,0>0. Let z € D\ {a} be arbitrary, and suppose
|z — a| < 0. Then, we have that |z —a| < 0 so that |g(z) — M| < e. In this case: |g(z) — 0] < €, so

lg9(z)| <€, and [|g(x)[| < e. From this, [|g(z)| —[0]] <€, and [|g(x)| = 0]| <, so that |[g(z)| —[M]] <e.
Hence, if |x — a| < 0, then ||g(x)] — |M]| <e.

90



Proofs in Metric Spaces and Analysis Module 5

As x € D\ {a} was arbitrary, for any x € D \ {a}, if |z — a| < 6, then ||g(x)| — |M]|| < e. Asd >0,
there exists § > 0 such that for all z € D\ {a}, if |z — a| < 4, then ||g(x)| — |M]|| < e.

Case 2: Suppose M > 0. Note that % > 0 so that as lim,_,, g(z) = M, there is a 6 > 0 such that for
any = € D\ {a}, if |z — a| < §, then |g(z) — M| < M. Let 5= min(4,4). As § >0 and as § > 0, we
have § > 0. Now, let # € D\ {a} be arbitrary, and suppose |z — a| < 6. Then |z — a| < é so that:

M

o)~ M| < T

M

—— <glx)-M< 5
3M
— < g(z) 5

As & < g(z) and & > 0, we have that g(z) > 0, so that |g(z)| = g(z). As M > 0, we have that
|M| =M.

Now, as |z — a| < § < §, we have that |g(z) — M| < ¢, so that ||g(z)| — |M]| = |g(z) — M| < e.
Hence, ||g(x)| — |M]|| < e. Thus, if |x — a|] < J, then ||g(x)| — |M|| < e. As x € D\ {a} was arbitrary,

for any x € D\ {a}, if |x — a|] <, then ||g(x)| — |M|| < e. As > 0, there exists 6 > 0 such that for
all x € D\ {a}, if |x — a] < 9, then ||g(z)| — |M|| < e.

Case 2 (M > 0): once |z — a| < 4, the graph of g stays between M and 2, so0 g(z) > 0 and |g(z)| = g(x). Try

changing M.

Case 3: Suppose that M < 0. Note that % > 0 so that as lim,_, g(xz) = M, there is a 6 > 0 such
that for any = € D\ {a}, if |z — a| < 4, then |g(z) — M| < % Let 0 = min(6,4). As § > 0 and
6> 0, we have § > 0. Now, let z € D \ {a} be arbitrary, and suppose |x — a| < §. Then, we have that
|z —a| < 0 so that:

M
@) — 1] < 21
1] ]
i bl M
5 < g(x) <5
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M M
M—u<g(x)<]\4—|-u
2 2
As M <0, |M|= —M, so that:
M| M M
My oy o2

Thus, g(z) < . As M <0, &£ <0 so that g(z) < 0. Thus, |g(z)| = —g(z).
Now, as |z — a| < §, we have |z — a| < § so that |g(z) — M| < e. Notice:

lg(2)| = |M|| = 1 -|g(x)| = [M][ = | =1 - (lg(z)] = [M])]
=[=g(@) = (=M)[ =] -g(x) + M| =| = (9(z) - M)| = [g(x) - M| <e.

Hence, ||g(x)| — |M]|| < e. Thus, if |z — a| < 4, then ||g(z)| — |M]|| < e. As x € D\ {a} was arbitrary
for any x € D\ {a}, if |x — a| < J, then ||g(x)| — |M]|| <e. As § > 0, there exists § > 0 such that for
all z € D\ {a}, if |z — a|] < 6, then ||g(x)| — |M]|| <e.

These cases are exhaustive. Hence, there exists a § > 0 such that for all x € D\ {a}, if |z — a| < 0,
then ||g(z)| — |M|| < e. As € > 0 was arbitrary, for all e > 0, there exists a 6 > 0 such that for all
x € D\ {a}, if |z — a] < 9, then ||g(z)| — |M|| < e. Therefore, lim,_,, |g(z)| = |M].

As D, E,g,a and M were arbitrary, for any D C R, £ C R and any function g : D — E and any
accumulation point @ € R of D and any M € R, if lim,_,, g(z) = M, then lim,_,, |g(z)| = | M]. O

Theorem 5.7 (The Triangle Inequality). For all real numbers x and y, |x + y| < |z| + |y|.

Proof. Let x and y be arbitrary real numbers. We will consider four cases.

Case 1: Suppose z < 0 and y < 0. Then, |z| = —z and |y| = —y. Also, z+y < 0,50 |z+y| = —(z+y).
Now:

[z +yl=—(z+y) =—z—y=(—2)+(-y) = |z[ + [yl

Hence, |z + y| = |z| + |y|, so that |z + y| < |z] + |y].

Case 2: Suppose < 0 and y > 0. Then, |z| = —x and |y| = y. We will consider two subcases.
Subcase 2.1: Suppose x +y > 0. Then, |z + y| = z + y. Now:
lz+yl=az+y<2p[trt+y=-20+r+y=-x+y=|z|+y|

Subcase 2.2: Suppose x +y < 0. Then |z + y| = —(z + y). Now:
lz+yl=—(r+y)=—a-y<-—z-y+2yl=—2—-y+2y=—a+y=|z|+[y]

These subcases are exhaustive, so we have that |z + y| < |z| + |y|-

Case 3: Suppose x > 0 and y < 0. Notice that |z + y| = |y + x|, so by Case 2, we have |y + z| <
lyl + lz| = || + |y|. Hence, |z +y| < || + |y|.
(Here we used that if a =b=c < d=e = f, then a < f: a chain of equalities with one strict inequality

gives a strict inequality.)

Case 4: Suppose z > 0 and y > 0. Then |z| = x and |y| = y. Also z+y > 0 so that |z +y| =z + y.
Now:
[z +yl =z +y=|z[+]yl
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Thus, |z +y| = |z|+ |y, so that |z +y| < |z| + |y|. These cases are exhaustive, hence |z +y| < |z| + |y|.
As x and y were arbitrary, for all real numbers = and y, |z + y| < |z| + |y|. O

Theorem 5.8 (The Reverse Triangle Inequality). For all real numbers x and y, we have that:
2| = lyl| < |z —yl.

Proof. Let x and y be arbitrary real numbers. We will consider four cases.

Case 1: Suppose z < 0 and y < 0. Then, |x| = —z and |y| = —y. Now:
| = lyll=l-z+yl=|-(@-yl=I[- -yl =]z -yl

Hence, we have ||| — [y|| = |z — y|, so that ||z] — |y|| < [z — y].

Case 2: Suppose z < 0 and y > 0. Then, |z| = —z and |y| = y. Now:
lzl =yl =1 -z —yl=1-(+yl=lz+yl
By the triangle inequality, |z + y| < |z| + |y, so we have:

2l = lyll = e +yl < |zl +lyl =T -2z +yl == (= -y)| =z -yl

Hence, we have ||z| — |y|| < |z — y|.

Case 3: Suppose x > 0 and y < 0. Then, note that by case 2, ||y| — |z|| < |y — z|. Also, we have that:
2] = [yl = | = (I=[ = [yD| = [ly| = |2[l, and also that: [z —y| = | = (x = y)| = |y — z[. Hence, we have
that ||lz| — |y[| <[z —yl.

Case 4: Suppose ¢ > 0 and y > 0. Then |z| = z and |y| = y. Now: ||z| — |y|| = |z — y|. Thus,
[z = [yll <[z =yl

These cases are exhaustive, hence: ||z| — |y|| < |z — y|. As z and y were arbitrary, for all real numbers
zand y, [[z] — [yl < |z —yl. O

lim g(z) = M = lim [¢(z)] = |M]|

r—a

Ve>030>0Vz (Jr —al <6 = |g(z) — M| <)
By the Reverse Triangle Inequality:
llg(z)| — |M|| < € whenever |z —a| < §
lim (f + ¢)(x) = lim /(@) + lim g(z)
lim (£g) (@) = (lim /(@) ) (lim g(x) )
. (f) (o) _ lime f(0)

T—=a \ g B limg_q g(:l:)

Comment: The Reverse Triangle Inequality greatly simplifies the proof that
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lim g(x) = M implies lim |g(z)| = |M|.
Tr—a

r—a
As ||g(z)| — |M|| < |g(x) — M|, when |g(x) — M| < €, we also have that ||g(z)| — |M|| < e.

Definition 5.9. Suppose we have D C R and £ C R and functions

F:D—-Fandg: D — F.

We define a function (g) :D\ {z € D|g(z) =0} — E by:

<f>(x):‘ﬂm)ﬁmaHxEEDmn(f)

g g() g

lim f(z)
Our next “goal” will be to show that: lim i (x) = lim f(@) = =2 = —
a—a \ g a—a g(z)  limg(x) M

r—a

Note: In order for this to make sense, we will need li_r)n g(z) = M # 0 (can’t divide by zero).
x a

“Scratch Work”

) L) |MS= Lot
glz) M M - g(x)
M- f(x)-M-L+M-L—L-g(x)
B M - g(z)
_ | M(f(z) - L) — L(g(x) — M)
M - g(x)
flx)-L —L
= e e @@)‘MW

As we have lim,_,, f(z) = L and lim,_,, g(z) = M, we try to get expressions of the form |f(z) — L]
and |g(z) — M|.

e a0 S 0] e et
1 L
_wﬂﬂyﬂ@—LH—MM@MM@—ﬂ“
< |A|If(2) - LI + |Bllglz) — M
<§+§=e

We already have M # 0, but we’ll need |g(z)| # 0 on some d-window around a. As lim,_,, g(z) # 0,
this will be possible.
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